A CYCLIC OPERAD IN THE CATEGORY OF ARTIN STACKS AND 

GRAVITATIONAL CORRELATORS 



IVAN KAUSZ 

To Zsuzsanna with love 

Abstract. We define an Artin stack which may be considered as a substitute for the 
non-existing (or empty) moduli space of stable two-pointed curves of genus zero. We show 
that this Artin stack can be viewed as the first term of a cyclic operad in the category 
of stacks. Applying the homology functor we obtain a linear cyclic operad. We formulate 
conjectures which assert that cohomology of a smooth projective variety has the structure 
of an algebra over this homology operad and that gravitational quantum cohomology can 
naturally expressed in terms of this algebra. As a test for these conjectures we show how 
certain well-known relations between gravitational correlators can be deduced from them. 
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1. Introduction 

It is well known that some aspects of tree-level Gromov-Witten theory of a smooth projec- 
tive variety can be summarised by saying that its cohomology with values in a suitable ring 
has the structure of an algebra over the operad (A*(Mo,n+i))n>2- In the papers [M] §VI. 1.3, 
7.6, [MZ] §7, [LM] §4.1 Yu. Manin pointed out that it is desirable to construct an extended 
operad (A*(.Mo,ri+i))n>i which includes the n = 1 term, such that tree-level Gromov-Witten 
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invariants with gravitational descendants of a smooth projective variety can naturally be 
formulated in the context of algebras over that operad. In this paper we achieve that goal 
by defining stacks 

M ,2 '■= BG m xW and M , n+ i ■= M 0>n+1 x W n+l for n > 2, 

where W is a zero-dimensional Artin-stack parameterising modifications of a fixed one- 
pointed curve (cf. §3 for a precise definition of W). 

In order to be the first term of an operad, .Mo,2 has to carry the structure of a semigroup. 
In §6 we prove that A4o,2 is the moduli stack for objects which we call "zollstocks" (the name 
is derived from the German word for "folding rules") . A zollstock is a two-pointed prestable 
curve of genus zero whose dual graph is linear and whose marked points are on the two 
extremal components. From this interpretation the semigroup structure of .Mo,2 becomes 
evident: Given two zollstocks, one obtains a third zollstock by clutching together the first 
and the second at marked points. In §9 we show more generally that (.Mo,n+i)n>i has a 
natural structure of a cyclic operad in the category of Artin-stacks. 

Passing to homology one obtains the linear cyclic operad (^4*(A^o,n+i))n>i- Let R be the 
intersection ring of the zero-dimensional Artin stack W. Then we have isomorphisms 

A (M 0>2 ) = R[t ] and 
A,(M>,n+i) = A(M 0in+1 )®i?^ t+1 ) forn>2. 

The concrete structure of the graded ring R is given in §5 on page 18. 

There is a natural involution on the stack of zollstocks (and thus on M.0,2), which comes 
from interchanging the two marked points. This involution induces an involution 1 on R[t ] 
for which we give an explicit formula in Proposition 7.1. 

The semigroup structure on M.0,2 induces a (non-commutative and non-unital) ring struc- 
ture on A^M-q^)- Thus the group isomorphism A^Aiop) — R[to] induces a second product 
on R[to], which we denote by 0. In Theorem 8.6 we show that R[to] has a basis consisting 
of elements 

t^ 1 • • • to r 

where r > 1 and ki > 0. 

Let V be a smooth projective variety. For g,n > and (3 G H 2 (V) let M 9j „(V,/3) denote 
Kontsevich's moduli stack of n-pointed stable maps of genus g and class (3 to V. For g > 1—n 
let M.g, n denote one of the above stacks if g — 0, and M. g ^ n '■= M g<n x W n else. In §10 we 
construct natural morphisms 

st:M g , n (V,(3)^M g , n 

such that in the stable range the composition of st with the projection pr : : M. g , n — > M g ^ n is 
the usual stabilisation morphism st : M g<n (V, (3) — > M s „. Recall that on M g<n {V, (3) there are 
n natural line bundles which can be defined as x*u> where (C — > V, (a^)) is the universal stable 
map over M g>n (V, (3) , and uj = ou c ^ is the relative dualizing sheaf. We show in Proposition 

10.7 that the Chern classes of these line bundles are the pull-back of certain classes ipi on 
M g>n . 
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Recall that by means of the morphism st and the virtual fundamental class on M ff) „(V, (5) 
one can define the structure of an algebra over the operad (A*M 0tn+ i) n > 2 on the cohomology 
of V with coefficients in some topological ring A. In view of the analogy of st to st it seems 
reasonable to conjecture that there is even a structure of an algebra over the cyclic operad 
(A*A4o,n+i)n>i on H*(V,A). Furthermore the existence of the classes ipi makes it plausible 
that gravitational correlators can be expressed in terms of that structure. We confer to 
Conjectures 11.3 and 11.4 for more precise statements. 

As a first test for these conjectures we show in §11 how Theorem 1.2 of [KM] can be viewed 
as a consequence of a simple identity (cf. Lemma 8.3) in R[to\. 

As a second test we show how an extension of the cited theorem (cf. Proposition 11.6) to 
the unstable range can also be deduced from the conjectures. The resulting formula can be 
proven by other means and seems to be well-known. 

Still assuming the conjectures we prove as a final result (cf. Proposition 11.7 and Remark 
11.8) that knowledge of the (^.Mo.n+Ori^i-algebra structure on H*(V,A) amounts to the 
same thing as the knowledge of some numbers which probably can be expressed by means of 
gravitational two-point correlators together gravitational quantum cohomology in the stable 
range in the sense of [M], Ch VI, §2.2. 

This paper focuses attention on the geometry of the new cyclic operad M.$. It does not 
contain any new relation between gravitational correlators. Nevertheless we hope that it 
provides a new point of view on the geometric nature of these correlators, which might be 
useful in the course of further research. 

I would like to express my gratitude to Prof. Manin, who suggested to me that my 
insight in the geometry of modifications of pointed curves might be useful for constructing 
an extended modular operad. Part of this work has been carried out during a visit at Max- 
Planck Institute in Bonn and during a visit at the Alfred Renyi Mathematical Institute in 
Budapest. The hospitality of these institutes is gratefully acknowledged. 

2. Modifications of pointed curves 

Let C be a curve and let x G C be a smooth point. A modification of C at x is a pointed 
curve (C, x') together with a morphism / : C — > C of pointed curves such that / is an 
isomorphism outside x and such that the inverse image of a; is a chain of projective lines 
with x' in the extremal component. More precisely we require that either / is an isomorphism 
mapping x' to x, or that C = C U R\ U • • • U Ri for some k > 1, where Ri are projective 
lines such that 

• Ri n C = {x} and x' G Ri, 

• for i — 1, . . . , I — 1 the intersection Ri D Ri + i consists of one point y i7 

• all the other intersections between the C, R±, . . . , Ri are empty, 

• the points x,yi, . . . , yi-i, x' are distinct. 

and / maps all components Ri to x. If / is an isomorphism, we say that C — > C is 
a modification of length zero, otherwise we define the number / to be the length of the 
modification. 

The notion of modifications can readily be defined for families: Let S be a scheme, let 
7r : C — > S be a flat family of curves over S and let x : S — > C be a section of n whose image 
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lies in the smooth locus of tt. A modification of C at x is a flat family 7r : C — > S of curves 
together with a section x' : S —> C and an S'-morphism C — > C, which geometric fibre-wise 
over 5 1 is a modification in the sense above. We say that the modification C — > C is of length 
< I, if the length of the modifications at each geometric fibre is at most /. Modifications of 
length < 1 will also be called simple modifications. 

Let fi : (Ci,Xi) — > and / 2 : (£2,^2) - ► be two modifications of C at x. An 

isomorphism between these modifications is an isomorphism g : (d, Xi) — > (C 2 , X2) of pointed 
curves, such that /1 = /^ofi 1 - There is an obvious notion of pull-back for modifications: Given 
a pointed curve (C, x) over a scheme S and a modification C — > C of C at x, for any morphism 
T — > 5 the fibre product C'x s T^Cx s T is a modification of C T := C x s T at the pull- 
back section xt- It is easy to see that for a given pointed curve (C,x) over a scheme 5 
the S-groupoid 3?(C,x) which to each ^-scheme T associates the groupoid of modifications 
of Ct at xt is a stack. We let ^i(C,x) denote the substack of ^(C,x) which parametrises 
modifications of length < / of C at x. 

By Proposition 5.3 in [Kl] we have: 

Proposition 2.1. For any pointed curve (C,x) over a scheme S there is a canonical iso- 
morphism of groupoids 



which commutes with base change. In other words, we have a canonical isomorphism 



As a matter of notation, for a pointed curve (C, x) over a scheme S, a line bundle L over 
S and a global section A of L we let 



denote the pointed curve (C',x'), where (C',x') — > (C,x) corresponds to (L,X) via the iso- 
morphism in Proposition 2.1. We will often make use of the following result which is an 
immediate consequence of the proof of Proposition 5.3 in [Kl]: 

Lemma 2.2. With the above notation let (C',x / ) = (C,x) h (L,X). Then we have 



Proposition 2.1 implies in particular that the stack ^[(C,x) is algebraic and has a very 
concrete description which depends only on the base scheme, not on the pointed curve 
(C,x). In the next section we will prove an analogous result for ^(C,x) and for Si(C,x) 
for arbitrary /. That result relies on the fact that locally over a base scheme of finite type 
every modification of a proper curve can be decomposed into simple modifications. In the 
remaining of this section we prove this fact. 

We begin with a definition. If / : (C, x') — > (C, x) is a modification of length < / of C 
at x and if g : (C",x") — > (C',x') is a modification of length < I' of C at x' then obviously 
the composition fog: (C" , x") — > (C, x) is a modification of length < I + V of C at x. A 
modification / : (C, x') — > (C, x) of C at x is called decomposable, if it is the composition of 
modifications of simple modifications. 




[ A i/ Gm ] xS^^(C,x) 



(C,x) h (L, A) 



(x'yod-x') 



x*O c (-x) ®L 
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There are two important observations to make here. The first one is that if a modification 
/ : (C',x') — > (C,x) is decomposable, say 

/ : (C',x') = (C h x{) -> (C,_i,a;,_i) -> ► (d,^) -> (C ,x ) = (C,x) 

where each step is a simple modification, then the modifications fi : (Ci,Xi) — > (Cj_i,Xj_i) 
involved are far from being uniquely determined and not even their number is determined 
by /. This is clear since we are free to insert an isomorphism at any place. But even if we 
require that none of the fi should be an isomorphism, uniqueness is not guaranteed. Indeed 
let S = A 1 , C := Pg and x : S — > C any (constant, say) section. Let C be the blow up of 
C at the closed subset consisting of the union of the points x(0) and x(l), and let x' be the 
proper transform of x. Then / : C — > C itself is simple, but there exist also two different 
representations of / as the composition of two simple modifications, since C may be obtained 
by either first blowing up x(0) and then x(l), or vice versa. 

The second important observation is that decompositions don't necessarily exist. Indeed, 
let S be an algebraic surface (e.g. S = P 2 ), let D , D ± , D 2 C S be curves on S with pairwise 
transversal intersection and empty triple intersection. Let Ui := S\Di (i e Z/3) and let X i 
be the blowing up of P 1 x Ui first along {0} x (D i+ i PlC/j) and then along the proper transform 
of {0} x (Dj +2 n[/j). Then there are canonical isomorphisms x^ (UiHUj) = XjXu.(UiPJJj) 
by which we can glue together the Xi to obtain a curve X over S whose schematic picture 
reminds one of M. C. Escher's illusion of an infinitely ascending staircase: 

X 



S 



Let x : S — > X be the section of X — > 5 which over C/j is the proper transform of the 
zero section of P^-.. The construction of X provides us with a map / : (X,x) — > (Pg, 0) 
which clearly is a modification of length < 2 of P^ at 0. Suppose there was a decomposition 
/ — fi ° fi °f / m to simple modifications. Then over Uo the decomposition is necessarily 
the successive blow down given by the construction. This means in particular that fi is an 
isomorphism over U fl U 2 but not over U HUi. Applying the same argument to Ui we see 
that fi is an isomorphism over U\ fl Uq but not over U\ fl L^. These requirements clearly 
cannot be satisfied simultaneously. 

The following Proposition gives a criterion for the decomposability of modifications. At 
the same time it shows that the morphism X — > S (Escher's staircase) is not projective. 

Proposition 2.3. Let (C,x) be a pointed curve over a quasi-compact scheme S and let 
f : (C, x') — > (C,x) be a modification of C at x. Suppose there exists a relatively (over S) 
ample line bundle E on C . Then C — > C is decomposable. 

Proof. Replacing E by a suitable power, we may assume that E is relatively very ample. 
We define maps nc,lc '■ S — > N as follows. If C' z — > C z is an isomorphism we let nc(z) = 
lc(z) = 0. Otherwise let n(z) G N be the degree of E restricted to the component R(z) of 
the fibre C' z which contains x(z), and let lc(z) be the length of the modification C' z —> C z . 
Then nc and lc are constructible functions. Let N be the maximum of nc>. The line bundle 
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E®qO{—Nx) is generated by global sections and thus defines a morphism fi into some high 
dimensional projective space which contracts precisely those R(z) for which n(z) is maximal. 
Let Ci be the image of fi and let X\ := f\ o x. It is clear that f\ : (C',x') — > (Ci,£i) is a 
simple modification and that / factorises over /i. Furthermore, by construction there is 
a relatively ample line bundle E\ on C\ and the function lc x is strictly smaller than lc . 
Therefore iterating this procedure we obtain the sought for decomposition. □ 

Corollary 2.4. Let (C,x) be a proper pointed curve over a scheme S and let f : (C',x') — > 
(C,x) be a modification of C at x. Then locally over S the modification is decomposable. 

Proof. This is immediate from the above Proposition, since every proper curve is locally 
projective over the base. □ 

3. The stack W 

In this section we prove that for a given pointed curve (C, x) over some base scheme B the 
stack of modifications <^(C,x) introduced in the previous paragraph is naturally isomorphic 
to W x B for a certain stack W which has a very concrete description. 

To define W we proceed in three steps. First we define a C-groupoid W" , which is not even 
a prestack. By sheafifying the presheaf of isomorphisms in W" we will obtain a prestack W 
which is not a stack. Finally, by forcing descent data to be effective, we obtain the stack W . 
The passage from W to W follows the general prescription as given in [L-MB] (3.2.1) (3). 

In fact, for each of the groupoids W , W , W and each non-negative integer / there is a 
level-/- version W" , W t ', W\ and we have 

If = hm^i 
i 

and likewise for W" and W. 

We will show that there is a representable smooth surjective morphism 

[AVGm]' - ^ 

which implies in particular that Wi is algebraic. This will prove that W is an ind-object in 
the category of algebraic stacks. 

Definition of W": Let U e ob(Aff/C). We define the groupoid W"(U) as follows. The 
objects of W"{U) are finite (possibly empty) sequences 

{Li, \i)(L/2, A2) • • • (L r , X r ) 

where is an invertible (9f/-module and A» is a section of Lj which is not invertible in the 
sense that \ vanishes in at least one point of U. The empty sequence will be denoted by 0. 
A morphism 

a:(L 1 ,X 1 )...(L r ,X r )^(L' 1 ,X[)...(L' r ,X' r/ ) 
in W"(U) exists only if r = r'. If r — r' > 1, then ip is simply a sequence of isomorphisms 
CKj : Li — > L\ such that ct^Aj) = A-. If r — r 1 — then both objects are empty and there is 
only the identity morphism. 

To each arrow ip : V -> U in (Aff/C) we associate the functor y?* : W"(U) -> W"(V) 
which to an object 

(■^l) Ai) . . . (L r , X r ) 
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in W"{U) associates the object 

in W"(V), where 1 < i s < . . . i s < r is the (possibly empty) set of all indices j G [l,r] such 
that is not invertible. The pull back of a morphism in W"{U) is the obvious one. 
Clearly, if U is an object in (Aff/C) and £, i] are objects in W"(U), then the presheaf 

T,n m (Pri\-l (Aff/f/) (EI1S) 

will in general not be a sheaf. To illustrate this, let £ = (L±, Ai)(L 2 , A2) and let 77 = 
(L 2 , A 2 )(Li, Ai), where the closed subsets Z\ := {Ai = 0} and Z 2 := {A 2 = 0} of U are 
non-empty and disjoint. Then if we put U := U \ Zi, we have 

tui = ( L 2, A 2 )|i/i = »7i7i and 

but the set Hom^/ ([/)(£, 77) is empty. Thus is not a prestack in the sense of [L-MB] (3.1). 

Definition of W: Let U be an object in (Aff/C). We define W{U) as the category 
which has the same objects as W"{U) but whose set of morphisms Hom^p)^, 77) for G 
ob(^'(£/)) = oh{W" {U)) is the set of global sections of the sheafification of the (Zariski-) 
presheaf 

T mni zar/ f x . / {Zariski open sets in U} -»• (Ens) 

Isom^tf, itf . j {v Q v) ^ Hom^ (y) (£ y , w) 

In more concrete terms, let 

£ = (-^1, Ai) . . . (L r , A r ) 

T] = (M 1: pL 1 )...(M s:P L s ) 

and for each x & U let I(x) C [l,r] (</(#) C [l,s]) be the ordered set of indices i with 
\(x) = (with fj>i(x) = 0). Then we have 

£ x = ((L ijX , \ x ),i G I{x)) 
r} x = ((M i)X ,/j, i>x ),i G J(x)) 

An arrow £ — > 77 in the category W(U) is a mapping 

a : [/ -»• ]J Hom^,^) 

xeu 

such that a(x) G Hom(£ x , 773) and for every x & U there is a Zariski open neighbourhood 
V C. U of x and a morphism f3 G Homy»(v)(^, Vv) such that a(y) = f3 y for all 7/ G V. 

For an arrow y? : V — > C/ in (Aff/C) the functor </?* : W{U) — > ^'(V) is the same as in 
the case of at least on the level of objects. On the level of morphisms this functor is the 
obvious one. 

We will now give an example which shows that W is not a stack. Let U be an algebraic 
surface (one could take U = A 2 ) and let Z , Zi, Z 2 be three curves on U which intersect 
pairwise in one point but whose triple intersection is empty. Let Ui C U be the complement 
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of Zi in U. For % G Z/3 let Lj be an invertible sheaf on U which has a section \ whose set 
of zeroes is precisely Z^. For i G Z/3 we define the following object 

in W(Ui). Then we have natural isomorphisms 

/i : £i|^nc/ l+1 —> {LiJ r 2\u i r\u i+1 i \+2\Uir\u i+1 ) —> £i+i\uinu i+1 

in W(Ui fl C/j+i). Since for all « G Z/3 the object £j|c/ n£/inc/ 2 is the empty one in W(U fl 
U\ fl C/2), the data (Ci, fi,j) form a descent datum relative to the covering (C/j C/)j. It is 
easy to see that this descent datum is not effective. 

The reader will have noticed the similarity of this example with "Escher's staircase" 
from the previous paragraph. In fact the two examples correspond via the isomorphism 
^(P\x) ^ W x U of Proposition 3.4 below. 

Definition of W: Let W be the stack associated to the prestack W. (cf. [L-MB], lemme 
(3.2)). 

For U G ob(Aff/C) the category W(U) has as objects triples 

(u'^u,e,n , 

where U' — > U is a covering with one element in (Aff/C), £' is an object in W'(U') and /" is 
a descent datum for £' with respect to the covering U' — > £/. 

Lemma 3.1. One obtains an isomorphic stack, if one takes only triples (V — > U,£,f"), 
where U' — > [/ is a Zariski covering. 

Definition of and : For / > we let W{' be the subgroupoid of W" 

consisting of sequences 

(Li, Ai)(L 2 , A2) . . . (L r , X r ) 

with r < I. The prestack (the stack ^) is constructed from W" (from W/) analogously 
as W from W (as ^ from #"). We have obvious inclusion morphisms 

and analogously for W and W. It is clear that 

// " = lim///' , # ' = lim^/' , // = liin//, . 

i i j 

Furthermore, we have natural morphisms 

W/'^W/^Wi and W"^W^W 
compatible with the inclusion morphisms. 
Proposition 3.2. Let I be a non-negative integer and let 

&e i/ie morphism of C-groupoids which sends an object 

((Li, Ai), . . . , (L/, A;)) 
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of[h l /$ m ] l {U) to the object 

(Li-t, AjJ . . . (L ir , \ ir ) 

ofWi"{U), where 1 < i\ < • ■ ■ < i r < I is the set of all indices j G [1, /] such that the section 
Xj is not invertible. Then the composite morphism 

l^/Gj - W{' - W{ - Wi 

is a representable surjective etale morphism between stacks. 

Proof. Let U be an affine C-scheme and let £ G Wi{U). By 3.1 for each x G U there is an 
open neighbourhood U x of x such that 

i\u x — (L x ,i, A Xj i) . . . (L X;mx , \ x ,m x ) 

for some line bundles L^ j over C/ x with sections \ x>i such that m x < I and A X) j(a;) = for all 
i G [1, mj. Let 

X ' = II II U °* 

xeU a:[l,m x ]^{l,l] 

where U x>a is a copy of U x , and a runs through all strictly increasing maps [l,m x ] — > [1,/]. 
We define an equivalence relation ~ on X' by requiring u ~ f for u G C/ XjCt , f G t/^ if and 
only if u and v coincide as points of U, and if furthermore the equality 

a({ie[l,m x ] | \ X!i (u) = 0}) = (3 ({i G [l,m y ] \ \ y ,i(v) — 0}) 

of subsets of [1, /] holds. Since the set of all points of U XiCt which are equivalent to some point 
in U Vj p is open, the quotient space 

X := X'/ ~ 

has a natural (in general non-separated) scheme structure. Furthermore, the open immer- 
sions U Xta —> U induce a surjective morphism n : X — * U which is a Zariski-local isomorphism 
and hence etale. 

Over U Xt a we have an /-tuple ((M X) i, // x ,i), . . . , (M x j, /i x ,0) °f l me bundles with sections 
where 

(X X)i , A X; j) if there is an i G [1, m x ] with = j, 
(0 Uwia ,l) else. 

and the resulting /-tuple of line bundles with sections on X' descends to an /-tuple 

77 := ({M 1 ,fx 1 ),...,(M l , f x l )) 
on X, which can be viewed as a morphism 77 : X — > [A 1 /G m ] / . We claim that the diagram 

[/ 

is Cartesian. 

Indeed, let V be a scheme, / : V — > C/ a morphism and r = ((JVi, 1/1), . . . , (JVj, i/j)) an 
/-tuple of line bundles with sections on and assume that we are given an isomorphism 
V 9 : /*£ ~" *■ ^( r )- We have to show that there is a unique morphism g : V — > X such that 
(i) / = 7r o g, (ii) there is an isomorphism ip : r ^ g*rj, and (iii) the pull back via g of the 



(M x j, fj, x j) = 
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isomorphism 7r*£ ^ h(rj) is h(tp) o tp. Let p be a point of V and let x = f(p). It is clearly 
sufficient to prove the existence of a unique morphism V — > X with the above properties, 
where V C V is some open neighbourhood of p. Let / C [1,/] be the set of all indices i 
with Vi{p) = and let a : [1, n] [1, Z] be the unique strictly increasing map with image 
/. Observe that we have n = m x since /*£ = h{r). Replacing V by an open neighbourhood 
of p, we may assume that / factorises over U x and that ip is given by the n isomorphisms 
ipi : f*(L Xji , X Xji ) (iV a (i), z/ aW ) (i = 1, . . . ,n). We define p as the composition 

v±u x = u x , a ^x . 

Property (i) for g then holds trivially. To check property (ii) for g we first observe that by 
definition we have g*i] = ((M[, [/,[), . . . , (M/, p[)) where (M-, /i^) = f*(L x ^, X x>i ) if there is an 
i with j = a(i), and (Mj,^-) = (Oy, 1) else. We define ■?/> := (^i, . . . ,ip{) where tpj := (p^ 1 
if there is an % with j = If there is no such % then %pj is the unique isomorphism 

Nj — >• Oy of line bundles, which sends the invertible section z/j to 1. Property (iii) for g is 
now immediate and it is also clear that g is uniquely determined by properties (i)-(iii). 

This proves the first part of the proposition. It implies in particular that the composed 
morphism 

A' - [A'/Gj - W t 

is representable, surjective, and smooth. Therefore for the second part of the proposition all 
that remains to be shown is that for every affine C-scheme U and objects £, 77 of Wi(U) the 
sheaf J%om(£, rj) of isomorphisms of £ to 77 is representable by a scheme Isom(£, 77) which is 
separated quasi-compact over U . 

For this we first consider the case where £ = (L, A) and 77 = (M, //) for some line bundles 
with sections (L, A) and (M, p) on C/. In this case J%om(£, 77) is representable by a locally 
closed subscheme of X := Spec (Sym'(L(g)M v )). More precisely we have Isom(£,77) = X°nY 
where X° C X is the complement of the zero section of X — > U and F C X is the closed 
subscheme corresponding to the ideal generated by 

{lu(p)-X®uj I wGM v } C Sym'(L®M v ) . 

If we further specialise to the case where L = Ou = M then we find 

Isom(£, 77) ^ Spec {O v [T, T~ l ]/(p - AT)) 

which shows in particular that U' Xjj Isom(£,77) = U' for open U' C U over which both A 
and p are invertible. 

As a next step we assume that 

£ — (Li, Ai) . . . (L n , X n ) , r]= (M 1 ,X 1 )...(M n ,X n ) 

and that (Li, Aj) = (Mj, /Xj) for i = 1, . . . , n. In this case we have 

n 

Isom(£, rj) = Yl Isom((L i , X { ), (M i: p^) . 
i=i 

For general £, 77 let C/' be the open subset of C/ which consists of all points x for which the 
germs £ x and 77^. are isomorphic, and let U' = U ie iUi be an open affine covering such that 

€\Ui = (Li,i, A^i) . . . (L i>rH , Aj )n J , T/lf/. = (Mj 5 i, A^i) . . . (M i>rH , A i)n J 
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for some line bundles with sections {L it j, X it j) = (M it j, fi it j) over C/j. Let Xj := Isom(£|^, f]\ui)- 
Then we have natural isomorphisms 

(Ui n Uj) x Vi Xi = Isom^lc/^^l^nc/,) = n U 3 ) x Vj X 3 

by which we can glue the X { together to form the scheme Isom(£,?7). It is clear from the 
construction that it is separated and quasi-compact over U . □ 

As an immediate consequence of Proposition 3.2 we have: 

Corollary 3.3. The groupoids W and W\ are smooth algebraic stacks of dimension 0. More- 
over the W\ are of finite type and we have the following inclusion of open substacks 

W x cW 2 (i ■■■ cWid ■■■ cW . 

The following result explains the relationship between the stack W and the groupoid of 
modifications defined in the previous paragraph. 

Proposition 3.4. Let B be a C-scheme and let (C, x) be a pointed curve over B. Then there 
is a natural isomorphism of B -stacks 

B xW A &{C,x) . 

For each I > it maps the open substack Wi isomorphically onto 3\{C^x). 

Proof. Let S be a 5-scheme and let £ = (L±, Ai) . . . (L r , A r ) be an object in W"(S). Repeat- 
edly applying Proposition 2.1 we obtain a sequence 

(C',x) := (C r ,x r ) -> > (Ci,xi) -> (C ,x ) := (C s ,x s ) 

of simple modifications. In this sequence the modification (Cj,Xj) — > (Cj_i,Xj_i) corresponds 
to the pair (Lj,Aj). The association £ i— > (C',x f ) defines a morphism W"(S) — > &(C,x)(S) 
of groupoids. Observe that if T — > S is a morphism of £>-schemes then the diagram 

W"{S) >&{C,x){S) 

W"(T) - &{C,x)(T) 

is 2-commutative. Indeed, this is a consequence of the fact that the isomorphism of Propo- 
sition 2.1 sends a pair (L, A) to a modification of length zero if A is an invertible section of 
L. Thus we see that there is a natural morphism W x B — > ^(C,x) of -B-groupoids. Since 
J?(C,x) is a stack, this induces a morphism 

W x B ^ ^(C,x) . 

To construct an arrow in the reverse direction, we first consider the following situation. 
Let S be a £?-scheme and let (C, x') — > (Cs, xs) be a modification which has a decomposition 

(C',x') = (C r ,x r ) -> ► (d,^) -> (Co,x ) := (C s ,a;s) 

into simple modifications. By Proposition 2.1 to each step (Cj,Xi) — > (Ci-i — > (Cj_i,Xj_i) 
there is associated a pair (Lj, Aj) consisting of a line bundle and a section. Thus we obtain 
an object 

Z = (L tl ,\ tl )...(L tk ,\ lk )eW"(S) 
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where %\ < ■ ■ ■ < ik is the set of all indices j G [l,r] such that Xj is not invertible. Fur- 
thermore, if T — > S* is a morphism of 5-schemes and we apply the above construction to 
the decomposition of (C' T ,x' T ) — > (Ct,xt) obtained by pulling back the given decomposition 
over S, then the object rj G W"(T) obtained in this way is canonically isomorphic to the 
restriction £t- 

As we have seen at the end of §2, a decomposition of a modification is not uniquely 
determined. Thus also the element £ constructed above is ambiguous. In fact the example 
in §2 shows that two different decompositions may lead to non-isomorphic objects in W"{S). 
We claim however that £ does not depend on the given decomposition up to a canonical 
isomorphism in W(S). 

To prove the claim we observe that in the case where S is the spectrum of a local ring, 
the decomposition of a modification (C, x') — > (Cs, xs) is determined up to a unique isomor- 
phism, if one requires that none of the steps in the decomposition is a modification of length 
zero. Indeed in this case each step corresponds to the contraction of a rational component in 
the central fibre. From this observation it follows that two decompositions of a given mod- 
ification have isomorphic germs at each point, after omitting the steps of length zero, and 
that furthermore the isomorphisms between the germs are unique. Thus between the germs 
of the objects in W"(S), which correspond to the two decompositions, there are canonical 
isomorphisms which fit together to form an isomorphism in W(S). 

By Corollary 2.4, for any modification (C',x f ) — > (Cs,xs) over a 5-scheme S there is 
an open covering S = USi such that the modification (C' Si ,x' s .) — > (Cs^xsJ is decompos- 
able for every i. By the construction above we can associate an object £j G W{Si) to 
this modification. Let Sij := Si H Sj. Since both £,i\s tj and £j\sij are isomorphic to the 
object in W{S") which we obtain by applying the above construction to the modification 
(C' s . ., x f s . ) — ■> (Cs tj ,xs tj ) we see that there is a canonical isomorphism f it j : £i|s l3 — ■> £,j\s tj - 
Thus there is a uniquely determined object £ G W{$) with £1^ = £j for every i. 

The association ((C',x') — > (Cs,xs)) i— > £ defines a morphism 

&(C,x) -> W x B . 

which is inverse to the morphism constructed at the beginning of the proof. 

The last part of the proposition is clear by construction. □ 

4. Intersection theory for exhaustible stacks 

For an algebraic stack & of finite type over C, let be the /c-th homology as defined 

by Kresch (cf. [Kr], Def. 2.1.11), but with coefficients in Q. In the following chapters we 
need an extension of the homology functor to stacks like W, which are not of finite type but 
are exhaustible in the following sense. 

Definition 4.1. Let be an algebraic stack. 

(a) An exhaustion for is increasing series of open substacks of finite type 

c ^2 c • • • c S£ n c • • • c S£ 

such that = U n ^ n . 

(b) The stack is called exhaustible if there is an exhaustion for SC . 
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(c) Two exhaustions (3£ n C 3£) n and C S£) n are called compatible if for each n 
there is an m with 3£ n C and for each there is an / with C S]. 

(d) Let / : — > ^ be a morphism between two exhaustible algebraic stacks and let 
($£ n C 5£) n and (Wn C be exhaustions for and & respectively. We call / 
to be compatible with the given exhaustions if C i£*) n is an exhaustion for 
3£ which is compatible with (3£ n C 2£) n . 

We gather some facts about exhaustible stacks and their homology theory. The proofs are 
straightforward and left to the reader. 

Lemma 4.2. Let f : i£l — > ^ and g : ^ — ► 6e two morphisms between exhaustible 
algebraic stacks, and assume f, g to be compatible with the exhaustions. Then the composition 
go f is also compatible with the exhaustions. 

Lemma 4.3. Assume that we have a Cartesian diagram 



2£ — — *■ W 

where !% ', W , W are exhaustible with respective exhaustions (2£ n C 3£) n , C < 3^) n , (^n C 
&~') n . Assume furthermore that f and g are compatible with the given exhaustions. Then 
SC' is exhaustible with exhaustion x^5 ,_1 (^n) C 3£') n , and the morphisms f and 

g' are compatible with respect to the given exhaustions. 

Definition 4.4. Let be an exhaustible algebraic stack and let (3£ n C 5£) n be an 
exhaustion of S£ . We define Ai{(& n C i£*) n ) '■= lim Aj($? n ) where the limit is taken 
with respect to the pull back morphisms associated to the inclusions SE n & n +i. Let 

Remark 4.5. We have defined A # ((3^ n C i£") n ) as the direct sum of the projective limits 
lim Aj(3£ n ). We could equivalently (and ore concisely) have defined A # ((^ n C %~) n ) : = 
lim ' A^(^ n ) where lim' is the projective limit in the category of graded groups. 

Lemma 4.6. Let 2£ be an exhaustible algebraic stack and let {££ n C 3£) n be an exhaustion. 
Then the group Ai((^ n C ^) n ) depends only on the compatibility class of the exhaustion. 
From now on, if there is no doubt as to which compatibility class we mean, then we simply 
write A^(^) instead of A^((3^ n C 2£) n ). 

Lemma 4.7. Let & be a smooth exhaustible algebraic stack of constant dimension d. Let 
A l (££) := Ad-i(^). Then A* := ® i A % (&') has a natural structure of a graded ring. 

Definition 4.8. Let 2C , be two exhaustible algebraic stacks and let {3£ n C 3£) n , C 
( 3f) n be exhaustions of and & respectively. Let / : — > W be a morphism which is 
compatible with the given exhaustions. Let /„ : f~ l {^V n ) — > be the restriction of /. 
(a) Assume that / is flat of relative dimension r. We define the pull back morphism 

f* :=\jmf::A(^)^A l+r (^) . 
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(b) Assume that / is proper. We define the push forward morphism 

/* := lim(/ n ), : A(^) - A(^) ■ 

n 

Lemma 4.9. Lei / : i£i — > fl^d g : - ► 6e too morphisms between exhaustible 
algebraic stacks, and assume f, g to be compatible with the exhaustions. 

(a) Assume that f, g are flat. Then we have (g o /)* = /* o g* . 

(b) Assume that f, g are proper. Then we have (go/) t = o f\. 

(c) If / is an isomorphism then /* and f* are inverse to each other. 

(d) In the situation of Lemma 4-3 assume that f is flat and g is proper. Then we have 
r og. = £o {f)\ 

5. The intersection ring of W 

Let V be the category, whose objects are the finite ordered sets 

[1, n] := {1, . . . , n} (n a non-negative integer) 

and whose arrows are strictly increasing mappings between these sets. 

There is a natural covariant functor from the category V to the category of rings which to 
[1, n] G ob(V) associates the ring of Polynomials Q[ti, . . . , t n ] and to a morphism a : [1, n] — > 
[l,m] in V associates the injective ring-homomorphism 

Q[fl,...,t„] ->Q[tl,...,*m] 



Definition 5.1. Let d be a non-negative integer. We define Rd to be the subset of the ring 
Q[ti, . . . , td] consisting of all elements of the form 

n=0 \a€Homp([l,n],[l,d|) 

where 

Lemma 5.2. a) The subset Rd is in fact a sub-ring of Q[ti, . . . 
b) The kernel of the composed morphism 

R d Q[t u . . . , t d ] -> Q[ii, . . . , f d ]/f d = Q[ti, . . . , t d _i] 

is X d anc? «is image is Ra-i- In particular, we have R d /Td = Rd-i- 

Proof. The verification is an easy exercise which we leave to the reader. □ 

We now state the main result of this section: 
Theorem 5.3. The pull back homomorphism associated to the etale morphism 

[A7G m ] d - W d 
from 3.2 is an injective ring homomorphism 

A*Wd^A*[k 1 /G m ] d = q[t 1 ,...,t d ] 
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whose image is the ring Rd defined in 5.1. Furthermore for every d > 1 the following diagram 
commutes: 

A*W d A*W d ^ 

Rd *■ Rd-i 

where the upper horizontal arrow is the pull back morphism associated to the inclusion 
Wd-i ^ and the lower horizontal arrow is the one defined in Lemma 5.2. 

The Theorem will follow from Lemma 5.4 through 5.9 below. 

Lemma 5.4. There is a natural commutative diagram of stacks, 

BG m d ^- [AVG m ] d ^[k d \ {0}/G*J 



d 



32 



9d-l 



with the following properties 

(a) For v = 1,2 the morphism i u is a closed immersion, and j u is an open immersion 
whose image is complementary to the image of % v . 

(b) The morphism fd is the etale morphism from Proposition 3.2. 

(c) The left square is Cartesian. 

Proof. The morphisms i\, j\ are induced from the following morphisms of schemes 

Spec (k) = {0}c A d - ^ \ {0} 

by passing to quotients. Let T be a /c-scheme. On the level of T valued points the morphisms 
i2, J2 are defined as follows: 

i 2 : (Li,...,L d )h->(Li,0)...(L d ,0) , 

j 2 : (Li,Ai)...(L d _i,A ( i_i)i-> (Li,Ai)...(L d _i,Ad_i) . 

Finally, we define the morphism g d -\. A T valued point of [k d \ {0}/G^] is a tuple £ = 
{{Li, Ai), . . . , (L d , Xd)) of d line bundles with sections, such that the open sets T{ : = {Aj ^ 0} 
form a covering of T. For each % let rji G W d -\{Ti) be the object which arises from £1^ by 
cancelling Aj)!^ and all the other (Lj, Xj)^ for which Xj\x, is invertible. Obviously the 
rji glue together to form an object 77 G W d -\{T) and we let <7d-i(£) := V- 

With these definitions it is immediate that the diagram has the stated properties. □ 
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Lemma 5.5. The diagram in Lemma 5.4 induces the following commutative diagram with 
exact rows: 

Q[ti, ...,*„] UiU > Q[ti, ...,t d ] t d ]/(UiU) 



A*(BG m d ) — ^ A*([AVG m ] d ) ^ A*([A d \ {0}/G{jJ) 



(«) 



J2 



A*(BG m ) — ^ A*(W d ) A*(W d ^) 

Proof. For i — 1, . . . , d let Vi be a fc- vector space of dimension p on which G m operates by 
scalar multiplication, and let Ui := Vi \ {0}. Then G^ acts freely on U :— U\ x • • • x U d and 
the complement of U in V :— VJ. © • • • © V d is of codimension p. Thus we have (cf. [T], §1) 

A*(BG m d ) = A\U/G d J = A*(P) = (Q[ti, . . .,*„]/(*?, . • • ,Qh = (Q[*i» • • 

for i < p, where P := P(Vi) x • • • x P(V d ) and e A 1 (P) denotes the pull-back of the class 
of a hyperplane in P(Vi). 

The stack BG m d classifies split vector bundles of rank d, q : [A 1 /G m ] (i — > BG m d being the 
univer sal bundle and % x : BG m d -> [A7G m ] d being the zero section. A finite dimensional 
approximation of g and i\ is given by 

tt:£^P and s : P -> E 

where E = E\ Kl • • • Kl E d and = Op(y i )(l) is the dual of the tautological line bun- 
dle on P(^). By [F] Theorem 3.3 and Example 3.3.2, tt* identifies A*(E) with A*(P) = 
Q[ii, . . . ,t d ]/(t^, . . . ,t p d ) and s* : A*(P) -> A* +c( (£) translates into multiplication with the 
element c d (E) = YliU- Letting p grow to infinity, we obtain the commutative square in the 
left upper corner of the diagram. 

The two lower rows are excision sequences and thus exact to the right ([Kr], Theorem 
2.1.12 (iv)). Since the left square in Lemma 5.4 is Cartesian, we have (ii)* = f d o (i 2 )*. 
By our explicit description above the morphism is injective. Therefore also (« 2 )* is 
injective. □ 

Definition 5.6. (a) For a strictly increasing map a : [l,n] — > [l,m] we let 

a* : Q[fi,...,t m ] -> Q[ti,...,t„] 

be the ring homomorphism defined by 



tj if there is a j e [1, n] with a(j) 
else. 



By abuse of notation for / C ker a* we will denote by the same symbol a* the induced 
morphism Q[ti, . . . ,t m ]/I -> Q[ti, . . . ,t n }. 
(b) Let ai, ct2 : [l,n] <^-> [l,m] be two strictly increasing maps. We will say that a\ is 
smaller (resp. larger than a 2 , if the sum over all values of cti is smaller (resp. larger) 
than the sum over all values of a 2 . 
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Lemma 5.7. (i) For % G [1, d + 1] le£ h dti be the composite morphism 

[AVG m ] d = [(A*" 1 x G m x A^+VO [(A d+1 \ {0})/Gl +1 ] 
T/zen £/*e following diagram of stack morphisms commutes: 

[AVG, 




[(A d+1 \ {0})/Gl +1 



(ii) Zei a : [1, d] 1] &e £/ie strictly increasing map, which omits i £ [l,d+ 1]. 

T/ien i/«e following diagram of ring homomorphisms commutes: 



Q[ti,...,t d+ i]/n£rfi — -Q[ti,...,t rf ] 



h* 

d.i 



A*m d+1 \ {0})/G^]) — ^ [AVG m ] rf 
(iii) For d > 1 £/ie morphisms f d and g d _i m Lemma 5.5 are injective. 
Proof, (i): Let T be a /c-scheme. On T- valued points the morphism h d ^ is defined by 
((Li, Ai), . . . , (L d , A d )) h-> ((Lx, Ai), . . . , Aj_i), (C?t, 1), (-^i+i, A i+ i), . . . , (L d , A d )) . 

From this the first part of the lemma follows immediately. 

(ii) : This is clear since the morphism 

: [A7G m f = [(A*- 1 x G m x k d - i+1 )/GT\ ^ [A d+ 7G^ +1 ] 

factorises through h di i, and we obviously have (h' di )* = a*. 

(iii) : This follows by induction on d: The morphisms fi and go and therefore also /* and 
gl are isomorphisms. Assume that injectivity of f d and g d _ ± holds for some d > 1. By part 
(i) we have /J = (h dji )* o g d , thus injectivity of g* d follows. But from the diagram in Lemma 
5.4 it is clear that injectivity of g d implies injectivity of / d+1 . □ 

Lemma 5.8. For any ring A the following sequence (of sets) is exact: 

Horn (A, uyt, . . . t d )— II Hom ^ ^ ■ ■ • » ^ 

a:[l,d-l]^[l,d] 



vi 



^ JI HomiA^tu . . . ,t d . 2 ]) 

f3:[l,d-2]^[l,d] 

where the mappings u,Vi,V2 are defined as follows: 

• The a-th component of u(ip) is a* o ip. 

• The (5-th component of vi((ip a ) a ) (resp. t>2((y? Q )a) ) is 7* oip a , where a is the smaller 
(resp. larger, cf. Definition 5.6) of the two strictly increasing maps [l,d — 1] <^-> 
such that there exists 07: [1, d — 2] <^-> [1, d — 1] /3 = a o 7. 
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Proof. We leave the easy verification to the reader. Note that the lemma means geometrically 
that a morphism to some scheme from a union of hyperplanes in an affine space is the same 
thing as a tuple consisting of morphisms to the scheme from each hyperplane which coincide 
on the intersections. □ 

Lemma 5.9. The etale morphism [A 1 /G m ] d — > W d induces an infective ring homomorphism 

A*W d -> A*[A 1 /G m ] d = Q[h, ...,t d ] 

whose image is the ring Rd defined in 5.1. 

Proof. From Lemma 5.7 we already know that f d : A*{Wd) — > Q[£i, . . . , t d ] is injective for all 
d > 1. Therefore we can identify A*{W d ) with a sub-ring of Q[ti, . . . ,td\. Since /o, fi are 
isomorphisms, and R — Q, Ri — Q[£i] it follows that A*(W d ) = Rd for d < 1. 

We proceed by induction over d. Assume that A*{Wd) = Rd for some d > 1. By Lemma 
5.7 the homomorphism 

g* d :R d = A*(W d ) - Q[ti, . . . , . . . Wi 

has the property that for all strictly increasing a : [1, d] ^ [1, of + 1] we have a* o g* d = f d 
and Lemma 5.8 implies that g* d is uniquely determined by this property. We claim that for 
any n G [0, d] and / G (IlILi ^t^ 1 ' • • • ^n] we have 

^ ( E = E mod f[t t . 

y 7 :[l,n]w[l,d] y T :[l,n]^[l,<i+1] i=l 

Indeed, this follows from the above uniqueness statement for g a and the fact that for all 
strictly increasing a : [1, of] [1, d + 1] we have 



a 



E 7.(/) = E 

v7 :[l,nMM+l] / 7 :[l,n]^[l,d] 



This shows in particular that the image of g* d in Q[ti, . . . ,td+i]/(ti . . .td+i) is Rd+i/Id+i- By 
the diagram in Lemma 5.5 it follows that the image of in Q[ti, . . . , t d +i\ is precisely the 
ring Rd+i- This proves the Lemma. □ 

This finishes the proof of Theorem 5.3 and thus of the isomorphism A*{Wd) = Rd of graded 
rings. Next we compute A*(W). Note that W is not of finite type, but it is exhaustible in 
the sense of §4 since (W n C W) n is an exhaustion for W. Therefore A*(W) in the sense of 
Definition 4.4 is defined: A*{W) = hm' n A*(W n ) = 0. limJA^Wn)). 

We will prove below that A*(W) is isomorphic to a ring R which is defined as follows. 
Recall from Definition 5.1 the definition of the ideal X n and as a group let R := ® n>0 Z n . We 
define a multiplication map R <S> R — > R as follows: The product of two elements / = (f n )n>o 
and g = (g n )n>o m R is the element h = (h n ) n >o where 

h n-=^2(a*fp)(P*9q) ■ 

In this sum (a, /3) runs through all elements Homp([l,p], [1, n\) x Hom-p([l, q], [1, n\) such 
that the (not necessarily disjoint) union of the images of a and (3 is the whole of [l,n\. Let 
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the grading of R be induced by the grading of the X n C Q[ti, . . . , t n }. It is easy to check that 
with these structures R is a commutative associative graded ring with unity. 

Theorem 5.10. There is a natural isomorphism A*(W) — > R of graded rings. 

Proof. For d > 1 there is a natural morphism of graded rings R — > Rd which maps an element 

(/n)n>0 tO 

F -=ib\ e «•/« 

n=0 \a6Hom-p([l,n],[l,d]) 

These morphisms induce a morphism R — > lim ^ i?„ where the inverse limit is taken in the 
category of graded rings with respect to the morphisms R n — > R n -i from 5.2. By Theorem 
5.3 it suffices to show that this is an isomorphism. The main point in the verification of this 
is that a polynomial F G Rd as above uniquely determines the polynomials /„ for < n < d. 
Indeed, if we write F = J^ /eN d ajt 1 as sum of monimials (in multi-index notation), then 

fn = Y^ aifI ' 

where / runs through all tuples . . . , id) with ii, . . . , i n > and i n+ i = ■ ■ ■ = id = 0. We 
leave the details to the reader. □ 

Corollary 5.11. Let & be a smooth exhaustible stack (cf. §4) with exhaustion (3£ n C S£) n . 
Let the stack x W be endowed with the exhaustion x W n C x W) n . Then there 
is a natural isomorphism x W) — > A*{&) <g> R of graded rings. 

Proof. Note first of all that for any n there is a natural isomorphism A*{& n x [A 1 /G m ]) — > 
A*(<%n) ® Q[i]. This follows essentially from the following well known fact: Let N > and 
let En — > be the tautologycal line bundle on the iV-dimensional projective space. Then 
there is a natural isomorphism A*( 3£ n x E N ) ^ A*(& n ) <g> Q[t]/(t N ). 

It follows from this observation that we have A*{& n x W n ) = A*(& n ) <S>R n (simply repeat 
the proof of Lemmas 5.4-5.9 with & n x W n in place of W n , with 2J n x BG m in place of BG m , 
with 3£ n x [A l /G m ] n in place of [A7G m ] ra , etc. 

Let R^ C R n and R^ C R be the parts of degree q. Then we have R^ = R$ for n > q 
and it follows 

A l { % xW) = \YmA\3£ n x W n ) = lim A\5C n ) <g> = 

= lim(A p («r„)) <g> i? (<?) = A p (^T) (8) 

p+q=i n p+q=i 

□ 

6. ZOLLSTOCKS AND THE ARTIN STACK .A/fo,2 

Definition 6.1. (a) A zollstock is a two-pointed nodal curve (C,Xi,x 2 ) of genus zero 
with irreducible components R\ , . . . , Ri such that 

• x\ e Ri, x 2 e Ri, 

• for i — 1, . . . , I — 1 the intersection i?j D Ri+± consists of one point y i7 
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• all the other intersections between the Ri, . . . , Ri are empty, 

• the points x±, y±, . . . , yi-i, x 2 are distinct. 

The number / of its components is called the length of the zollstock. 

S1,S2 

(b) Let S be scheme. A zollstock over S is a diagram X - > S where 7r is a proper flat 

morphism and s±, s 2 are two sections of 7r, such such that all fibres of 7r are zollstocks 
(of possibly variable length). 

"Zollstock" is the German word for "folding rule". We have chosen this name, because the 
usual schematic picture for curves matching the above definition reminds one of this device: 



Example 6.2. (1) Let L\ and L 2 be two line bundles over S. Let C := P(Lx © L 2 ) and 
let Si : S — * C be the morphisms defined by the invertible quotient Li © L 2 — > for 
i — 1,2. Then (C, s±, s 2 ) is a zollstock of constant length 1 over S, which we denote by 
the symbol |Li, L 2 \. For later reference we remark that we have slOc(si) = Li © L^ 1 
and s* 2 O c {s 2 ) = L^ 1 © L 2 . 

(2) Given a zollstock (X — > S,Si,s 2 ) over S and a Divisor D C S we obtain a new 
zollstock (X' — > S, s[, s 2 ) by blowing up X in Si(-D) and taking s^ to be the proper 
transform of S{. 

(3) More generally, if (X — > 5, Si,s 2 ) is a zollstock over S and (X',a/) — > (X, s 2 ) is a 
modification of X at s 2 then (X' — > 5, Si,x') is also a zollstock over 5". If (X',x') — > 
(X, s 2 ) is a simple modification corresponding via Proposition 2.1 to a line bundle 
with section (L, A), then we write (si,X, s 2 ) h (L, A) for this zollstock. The zollstock 
(L, A) H (si,X, s 2 ) is defined analogously, interchanging the role of si and s 2 . 

(4) If (X -> S, si, s 2 ) and (Y -> 5, tj, t 2 ) are two zollstocks then X1Y := XUY/(s 2 = i x ) 
is a zollstock (over 5). 

(5) Escher's staircase X — > 5 on page 5 is a zollstock over S. 

For the convenience of the reader we recall the following useful result from [K2], §2. 

Lemma 6.3. Let S be a scheme, let L , . . . , L^, M , . . . , M; be line bundles over S and let 
Aj G H°(S,Li), fij G H°(S,Mj) be sections for 1 < 2 < k, 1 < j < /. 27ien i/iere are 
canonical isomorphisms of zollstocks over S as follows: 

(a) 

(\L , O x \ I" (^i, Ai) h • • • h (L fc , A fc ))±(|M , O x | h (Mi, //x) h • • • h (M h //,)) = 

|L , 0x| h (Lx, Ax) h • • • h (L fc , A fc ) h (m © L~\ oj h (Mi, ^) h • • • h (M,, ^) 

(b) 

|L , Ox| h (Li, Ax) h • • • h (L fc , A fc ) = (Li, Ax) H • • • H (L fc , A fc ) H (g) 

i=0 
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Proof. The first isomorphism follows easily from Lemma 2.9 in [K2]. The second is shown 
in Lemma 2.11 in loc. cit. □ 

Let 3f be the C-groupoid parametrising zollstocks. For I > 1 let ^ be the subgroupoid 
of iF parametrising zollstocks of length at most /. 

Proposition 6.4. There is a natural isomorphism 

M ,2 :=BG m xW -> & 

of C-groupoids. It maps the subgroupoid BG m xWi isomorphically to the subgroupoid 

Proof. For a scheme S let (BG m xW)(S) — > 3f{S) be defined as follows: An object in 
(BG m xW)(S) is a pair (L,£) consisting of a line bundle L over S and and object £ G W(S). 
Let (y := P(L © C?s) — > S", so, Soo) be the zollstock over S as in example 6.2(1) and let 
(X, x 2 ) — > (y, oo) be the modification of Y at oo defined by £ via the isomorphism W(S) — > 
<^(y, s 00 )(S f ) in Proposition 3.4 . Then (X — > S, x\ — s ,x 2 ) is a zollstock over S 1 , i.e. an 
object in ^{S), which we take to be the image of (£,£)■ 

In the reverse direction let (ir : X — > 5, Xi, x 2 ) be a zollstock over 5. Then := tt^Cx^i) 
is a locally free sheaf of rank two over S and the natural morphism n*E — > Ox(^i) is 
surjective - thus defining an ^-morphism / : X — > P(-E). Let := / o Xj. Then it is easy to 
see that (X, x 2 ) — >• (P(-E),s 2 ) is a modification of P(-E) at s 2 . Let £ G W(S) be the object 
which corresponds to this modification by Proposition 3.4 and let L := x\Ox{xi). We define 
3?{S) — > (BG m Xy^ / )(S') to be the morphism which to (X — > S,xi,x 2 ) associates the object 

It is not difficult to see that both constructions commute with base change and define mor- 
phisms of C-groupoids which are quasi-inverse to each other. The last part of the proposition 
is immediate from the constructions. □ 

By Proposition 6.4 and Corollary 3.3 we have: 

Corollary 6.5. The groupoids 3? and £tfi are smooth algebraic stacks of dimension — 1. 
Moreover the 3?i are of finite type and we have the following inclusion of open substacks 

BG m = 5 1 c5' 2 c---c^c---cir . 

We have natural morphisms 

a: 2? ^ 2? . 

The morphism c is the clutching morphism, which to two zollstocks (X, xi, x 2 ) and (Y, yi, y 2 ) 
associates the zollstock (XUY/ (x 2 = y 1 ),x 1 , y 2 ) which arises by identifying the second section 
of the first zollstock with the first section of the second zollstock. The other morphism a is 
the obvious involution which comes from interchanging the two sections X\,x 2 in a zollstock 
(X,xi,x 2 ). The following Lemma is immediate from the definitions: 

Lemma 6.6. The clutching morphism provides 2f with the structure of a monoid in the 
category of stacks. Furthermore, the isomorphism a : 3f 3f is an anti-isomorphism of 
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that monoid. More precisely the following diagrams are canonically 2- commutative: 

idxc 



fxfxf 

cxid 

f Xf 



2? x T 



2? x jT 



iF 



exchange 



jT x iF — 5x jT 



Via the isomorphism in Proposition 6.4 the clutching morphism c and the involution a 
induce morphisms 

C : M ,2 X M ,2 -> Mo,2 , 

o- : -A^o,2 ^ -Mo,2 , 
which we denote by the same symbol. Explicitly these arrows are given by 



c : ((L , (Li, Ax) . . . (L k , A*)), (M , (Mi, ^i) . . . (M,, #))) 



Lc^AO-.-feAfc) ( M ®(g)L-\0 ) (Mi,//i) . . . (M;,/^) 

i=0 



a: (L ,(L 1 ,Ai)...(L fc ,A fc )) -> ( (g) L" 1 , (L fe , A fe ) . . . (L 1; A^ 



and 



This follows from Lemma 6.3. Of course the morphisms c and a restrict to the open substacks 
3fi parameterising zollstocks of bounded length: 

Ck,i : iFfc x iF/ — > , 

o~i '■ ^ ■ 

The clutching morphism can be looked upon from yet another point of view. To explain 
this we need to introduce a notation. For a flat morphism n : X — > F of schemes (or 
algebraic stacks) we let Sing(X/F) clbe the closed subscheme (or substack) where n fails 
to be smooth. It is defined by the first Fitting ideal of the sheaf &x/y- 

Proposition 6.7. Let — > 3f,X\,x 2 ) be the universal zollstock over iF. Then there is a 
canonical isomorphism Sing{^ / 'iF) — > iF x iF such that the following diagram commutes: 

Sing{3£/2?Y JT 



f xf 



iF 



Proof. Let S be a scheme and let £ : 5 — > iF be given by a zollstock (ir : X — > S 1 , Xi,x 2 ) 
over 5. Let 5' := Sing(X/S) and let X' := X x s 5'. Let i/ : X[ U X£ -> X' be the 
partial normalisation of X' along the canonical section y' : S' — > X' of X' — > S". There are 
natural sections x[,y[ : S" — > X( and x' 2 ,y' 2 : S' —> X' 2 such that = z/oa^, a^ls' = vox' 2 , 
y' = voy' x = uoy 2 . Thus we have zollstocks (,[ = (X[ — > S", x[, y[) and £2 — (X 2 — > 5", y 2 , x 2 ) 
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over S' such that c(^,^) — £|s'- The proposition follows from the easily verifiable fact that 
the diagram 

(€Ua) 



S' 



is Cartesian. 



□ 



For the construction of the extended operad (cf. §9) it will be important that the monoid 
stack acts on the stack of modifications of a pointed curve (C/B,x) over a base B. 
Namely there is a natural morphism 

C { c/b, x ) : &(C/B,x) x & -> &(C/B,x) 

which is defined as follows. Let S be a 5-scheme, let (C'/S,x') — > (Cs/S, xs) be an object in 
3?(C/B,x)(S) and let {X/S, x±, x 2 ) be a zollstock over S 1 . The image of this pair by C(c/b,x) 
is the modification (C"/S,x") — > (Cs/S,xs) where 

(C7 ff ,ar ff ):=(XUC7'/(x 2 = xO,x 1 ) , 

and the morphism C" — > is the morphism C" — > C" which contracts X to x', followed by 
the morphism C — > Cg. With this definition it is clear that the following diagram commutes: 

&{C/B, x) x 3T x iF C(C/B -* )XK l ^(C/S, x)x3f 



idxc 

&(C/B,x) x jT 



C(C/B,x) 



c (C/B,i) 

&(C/B,x) 



Via the isomorphisms of Prop. 6.4 and 3.4 C(c/b,x) induces a right action of the stack A4o,2 
on the stack B x W . We are interested in a concrete description of this action. 



Definition 6.8. For a line bundle K on B let Ck ■ (B x W) x .Mo,2 
morphism defined by 



{B x #-) be the 



((Li,Ai)...(L r ,A r ), (M ,(M 1)/ u 1 )...(M s ,/i s ))) i-> 

(Lx, Ai) . . . (L r , A r ) ^M ® K <g> (£) L~\ ] (M u . . . (M s , ^ s 
By Lemma 6.3, the following diagram commutes 



i=i 



[BxW)x M ,2 



Prop.3.4 



Prop.6.4 



&(C/B,x) x % ■ 

where K is the line bundle x*Oc(x) on B. 
Here is the analogue of Proposition 6.7: 



C(C/B,x) 



*(BxW) 

Prop.3.4 

&(C/B,x) 
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Proposition 6.9. Let (C/B,x) be a pointed curve over a scheme B. For abbreviation let 
us write 2? for the B-stack 3*(C/B,x). Let (^/^,y) — > (C&/ 3T,x&) be the universal 
modification over 2? . Let Sing'{& / 3?) be defined by the Cartesian diagram 

Sing'( Sing{%IST) 



Then there is is a canonical isomorphism Sing'{^ / 2?) - 
diagram commutes: 

Sing\3£ISry % 



5* x iF such that the following 



c (C/B,x) 

The proof is similar to that of Proposition 6.7, so we omit it. 

7. The intersection ring of M ,2 

Just like W, the Artin stack .Mo,2 = BG m xW is not of finite type, but it is exhaustible 
in the sense of §4, with exhaustion (BG m xW n C -Mo,2)n- By Corollary 5.11 we have 

A*(M , 2 ) = R[t ] 

where to is transcendental over R. We are interested in calculating the pull back morphism 
a* : A* (Mop) ^ A* (Mop) ( in tne sense of §4) induced by the involution a : Mop ^ Mop 
from the previous paragraph. 

Proposition 7.1. (1) There is a unique ring homomorphism i : R[to\ —> R[to\ which 
maps the element to to the element —(to + ti) and the element f(ti,t 2 , ...,t n ) G X n C 
R to the element f(t n , t„_i, . . . , t±). 
(2) The following diagram commutes 



A*(M p) 
R[to] - 



A*(M p) 
-+R[t ] 



Proof Let t n : Q[t , • • • , t n ] — > Q[t , • • • , t n ] be defined by i n (t ) = —(t + ti + h t n ) and 

t-n(ti) = t n -i+i for 1 < i < n. Observe that i n maps the subring i?„[to] C Q[to, . . . ,t n ] to 
itself. Furthermore from the explicit description of a n on page 22 we see that the following 
diagram commutes: 

A*(BG m xW n ) A*(BG m xW n ) 

Rn [to] " *" Rn [to] 



The proposition now follows from the identity i = lim i n , which is easy to verify. 



□ 
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Remark 7.2. In a similar way we derive a formula for the pull-back morphism c* : A*(M.q 2 ) - 
A* (.Mo, 2) <8> A* (Mop). However we omit it, since we will not need it in the sequel. 

For the convenience of the reader let us review the structure of R[t ]. By definition we 
have 

*]=0(n*i)Q[to,...,*n] • 

n>0 \i=l J 

Thus as a Q-vector space, R[to] has a basis consisting of monomials 

n 

C II *** where n - °' °° - °' and «i > 1 for 1 < i < n. 

i=i 

Let us denote by x <g> y 1— > x ■ y the multiplication on R[t ] which makes the natural morphism 
A*(Ai 2 ) — R[to] an isomorphism of rings. On generators, this multiplication is given by 

n \ / m \ m+n / k 

i=l / \ i=l / fc=0 a,/3 \i=l 

where (a, /3) runs through Homp([l, n], [1, fc]) xHomp([l, m], [1, fc]) with a([l, n])U/3([l, to]) = 
[1, fc], and Q > 1 is defined by 

if a(j) = i for some j G [1, n] but i ^ to]), 
6j if = % for some j G [1,to] but i G" a([l,n]), 

Op + o<? if = 2 for some p G [1, n], and /5(g) = % for some g G [1, to]. 

For example we have 

t 1 .t 1 = t 2 1 + 2*1*2 and *i • (*i* 2 ) = t?*2 + + 3tit 2 t 3 . 

The ring (-R[*o] ? +, •) is a commutative associative ring with unit element 1. The multiplica- 
tion in this ring is compatible with the grading by the degree of monomials: If x, y G R[to\ 
are homogeneous of degree d, e, then x • y is homogeneous of degree d + e. 

On generators the involution 1 : R[t ] — > i?[*o] from Proposition 7.1 is given by 



n \ / n 

i=l / \i=l 



Jen*? =Ho-ti) a °- ik 



Notice that on the right hand side the power is taken with respect to the multiplication "• 
For example we have 

=(-*o - *i) • Ho - h) ■ h 
=t 2 t 1 + 2t {t 1 -t 1 )+t 1 -t 1 -t 1 

=*g*i + 2t ti + 4*oii*2 + 4 + 2t\t 2 + 2t x t\ + 6*1*2*3 • 
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8. The homology ring of M 0y2 

Proposition 6.7 implies in particular that the clutching morphism c : 2? x 2f — > 3? is 
proper. If we take (iF n C 3f) n and (iF n x 3f n C iF x iF) n as exhaustion for 5° and iF x iF 
respectively then c is compatible with these exhaustions. Thus by Lemma 4.9 there is a 
push forward morphism c* : A*(2? x iF) — > A„,(iF). From the isomorphism iF = BG m x^ 
and Corollary 5.11 it follows that A*(3? x J°) = A*{3f) <g> A*{3f). Therefore c* induces a 
bilinear map or multiplication 

A.(&)® A*{2?) -> A*(2T) 

which we denote by x y i— > a; y. By Lemma 6.6 this multiplication is associative and 
(j* : A*(iF) A*(iF) is an anti-involution of the ring (A*(iF), +, 0). The multiplication 
respects the grading of A*(iF): For x G A r (iF) and y G A s (3f) we have x Q y E A r+s (iF). 
Since A (iF) = (0) it follows that the ring (A^iF), +, 0) does not have a unity. We will see 
below that it is not commutative. _ 

Since by Proposition 6.4 and §7 we have = M ,2 and A^A^) = A' 1 -* = R[t ], 
the multiplication on A*(Jf) induces a multiplication on Ak(.Mo,2) and on R[t ] which 
we denote by the same symbol. Notice that the isomorphism A* (^0,2) — R[to] involves a 
renumbering of the natural grading of R[t ]: A homogeneous polynomial / G X„[t ] C R[to\ 
of degree r corresponds to an element in A_i_ r (Ai ^)- Thus for homogeneous elements 
/, g G i?[£ ] of degree r, s respectively, the product / © g is homogeneous of degree r + s + 1. 

The following result allows us to explicitly calculate the ©-product of arbitrary elements 
mR[t Q \. 

Proposition 8.1. Let 

n m 

/=cn# and 9=^n^ 

i=i 1=1 

6e two generators of R[to\. Then for every k > 1 i/ie image of f Q g by the canonical 
morphism R[to\ — ^ Rk[to] is 



Qk(f,g) ■= 

y] I ^ f(to,t a (i), ■ ■ ■ ,t a (n)) J £j I ^ g I ^*i,*/3(i), • • • ,t/3( m ) 

3=1 \a:[l,n]^[lj-l] / \/3:[l,m]->L?+l,fc] V i=0 

where a, (3 run through all strictly increasing maps as indicated below the sum signs. 

An important ingredient for the proof of Proposition 8.1 is the following lemma which is 
an easy consequence of Lemma 6.3. 

Lemma 8.2. Let S be a scheme, let Lq, . . . , be line bundles on S and for 1 < i < k let 
Aj G T(S, Li) be global sections. Let 1 < j < k and letY C S be the closed subscheme defined 
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by the vanishing of the section Xj. Let L\ := L^y, A- := \\y. Define 

t,:=\L ,O\^{L 1 ,X 1 )^---^{L k ,X k ) e^(S) , 

e i :=\L' ,O\h(L' 1 ,\' 1 )h...h(L' j _ 1 ,\' j _ 1 ) GiF(F) , 

&:=\M',0\\-(L' j+1 ,X j+1 )\-...\-(L t k X) e*0O > 

where M' := (^ =0 i^. Then the restriction of the zollstock £ to the closed subscheme Y is 
canonically isomorphic to the clutching of the two zollstocks and £' 2 . I.e. we have 

Proof, (of Proposition 8.1) Let srf := BG m x[A 1 /G TO ] fc , and let £ be the etale morphism 

^^BG m xW k ^2f k ^2f . 

By definition, £ "is" the zollstock 

(X -> fit, Xl , x 2 ) := \L Q , 0\ h (Li, Ai) h • • • h (L k , X k ) 

over where (L , (Li, Ai), . . . , A&)) is the universal object over srf ' . Let be defined 
by the following Cartesian diagram: 



$4 



By Proposition 6.7 we have 5? = Smg(X/^/). It follows directly from the definitions that 
Sing(X/ &/) is nothing else but the disjoint union of the vanishing loci of the universal sections 



Xj. Therefore we have 



k 



where Yj is the closed substack 



BG m x[A 1 /G m ] J_1 x BG m x[A 1 /G m ] 



k-j 



c 



Let 

(tU) (tU) \U)\ (tU) \U) \ tU) (tU) \U) \ (tU) \U)\\ 

[L , A x ),..., [L j _ 1 ,A j _ 1 ),L j ,{L j+1 ,A j+1 ),...,{L k , A fc )) 

be the universal object over Yj, which is also the restriction to Yj of the universal object 

over srf ' . Now by Lemma 8.2 the morphism Yj <^-> 5? — > 3? x ^ is given by a pair 
of zollstocks where 



0") - 



to-) 

S2 



0) 



0) \0) 



G 3?(Yj) 
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and : = (g) - =0 . Therefore identifying A*(Yj) with Q[t , . . . , t k ], we have 

^2 f(to,t a (l),---,t a (n))\ I ^2 9 I y]U,tp(l), ■ ■ • ,fy(m) 

K a:[l,n]^[l,j-1] J \/3:[l,m]^\j+l,k] \i=0 

Since by [F] Theorem 3.3 and Example 3.3.2 (cf. also the proof of Lemma 5.5) the push 
forward morphism 

Q[f , . . . , t fc ] = A*(Yj) -> = Q[t , ...,t k ] 

associated to the inclusion Yj srf is nothing else but multiplication with ij, it follows that 
c *(£')* '(/ '■> d) equals the expression Qk(f,g) stated in the Proposition. Now by Lemma 4.9 (c) 
we have c*(£')* = £*c*. Furthermore the pull-back morphism 

R[t ] =A*{BG m xW k ) = QK---,h] 

is injective by Lemma 5.9. Therefore the Proposition follows. □ 

As a first application of Proposition 8.1 let us compute the product fOg in the case where 
g does not depend on t . More precisely let / G Z n [t ] C R[to] and let g G T m C R. We 
claim that in this case we have 

/ © g = f{to, t„)t n+1 g(t n+2 , . . . ) G X n+m+1 [t ] C R[to] 

Indeed it suffices to prove this formula for monomials / = t^ Yl™ =1 t a { 1 and g = ni=i *i* • Let 
h be the element f(t , . . . ,t n )t n+1 g(t n+2 , ■ ■ . ,t n+m+1 ) of X n+m+1 [t ] C i?[*o] ■ For any k > 1 
the image of h in i2fc[io] is (cf. proof of Theorem 5.10) 

ia(l), • • • ? ^a(n+m+l)) , 

a:[l,n+m+l]<— >[l,fc] 

where a runs through all strictly increasing maps as indicated. But this expression is clearly 
equal to the Polynomial Q k (f,g). Since R[to] = lim ^ R k \t ] , the claim follows. As a special 
case, let us compute the n-fold ©-product of the element 1 G R[to\ with itself: 

n-l 

i° B =n*< • 

1=1 

It is more difficult to derive a formula for / if both / and g depend on t . In this 
case it is often helpful to make use of the anti-involution 1 as follows. Let /1 G I n , g\ G I m . 
Then we have 

(*o/o © (to = *s(/i © (to) = ^wto © t(/o) = ^wto © t(/o) . 

Since the element does not depend on t , calculation of the last ©-product is easy. 

Notice however that the computation of t of an element that depends on to can be quite 
involved (cf. example at the end of §7). 

As an application we will now prove a formula which we state as a Lemma since it will be 
of use in 811. 
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Lemma 8.3. For any n > we have the following identity in R[t ]: 

iQ(t + t 1 y n = t 1 -(t + t 1 y n . 

(The dot in the exponent means that we take the n-fold product in the ring (R[to\, +, •), not 
in the ring Q[to, h].) 

Proof. We exploit the fact that i is an anti-involution for (i2[io], +> ©) an d an involution for 
»],+,•): 

i © + = i((i(t + h)y n ©i) = i((-t ) n ©i) = 

= (-i)'MW = (-i) n (-t - h)- n = (t + h)- n . 

□ 

In Theorem 8.6 below we will show that the ring (i?[t ] , +, 0) has a very simple structure. 
The following two lemmas will be useful for its proof. 

Lemma 8.4. The dimension of the subspace R[to\ n C R[to\ spanned by monomials of degree 
n equals 2 n . 

Proof. This follows by a simple calculation which we leave to the reader. □ 

Lemma 8.5. For all x G R[to\ \ {0} we have 1 x t R[t ]. 

Proof. It suffices to show that for x — t r Q fliLi tT we have 

101 = t^H^ 1 ■ ■ ■ tfr k +1 + (terms with strictly smaller power of ti) (*) 

Indeed, from this equation it follows that for arbitrary nonzero x the expansion of 1 x 
contains a monomial which is not divisible by to- To prove (*), we make use of the identity 
10i = l(l(x) 1). We write 

i(x)Ql= ^(-to-ti) r -nC_ m j ©1 = 

= (— to) r I ]^[tjfc ! _j + i I tfc+i + (terms with strictly smaller power of t ) 
Applying i to the first term we get 

k \ \ / fe+1 



i 



,i=l J J \ i=2 

fe+1 

= t\ +1 ]^[t" l_1 + (terms with strictly smaller power of t±) 



i=2 



Then it is clear that the first term in the last expression is the term with the highest power 
of ti in the expansion of 1 x . This proves equation (*). □ 
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Theorem 8.6. As a Q-vector space R[to] has a basis consisting of elements of the form 

C C © • • • © C 

where r > 1 and > 0. 

Proof. Observe first of all that the map R[to] n — > -R[t ] n +i, x l—> ^ is injective. By Lemma 
8.5 the map -R[to] n — ► -R[to]n+i, # — > 1 x is also injective and the intersection of 1 R[to\ 
and to © R[to] is trivial. By Lemma 8.4 it follows that 

R[t ] n+1 = (10 R[to] n ) © t R[t ]n ■ 

Observe that if x G R[to} n is of the form t^ 1 • • • 0tQ r then so is 1 0x and t x. Therefore the 
above equality shows that R[t ] n+1 has a basis consisting of elements of the form t^ 1 0- • -Qt^ , 
if this is true for R[to] n . Obviously i?[to]o has such a basis. So the theorem follows by 
induction. □ 

Corollary 8.7. As a Q-vector space R[to\ has a basis consisting of elements of the form 

(t + ti) ai (to + ti)" 2 • • • (to + h) ar 

where r > 1 and > 0. 

Proof. By Proposition 7.1 the anti-involution i maps t to — 1 — t±. So the corollary follows 
directly from Theorem 8.6. □ 

Let B be a scheme (or stack) and let (C/B,x) be a pointed curve over B. Recall from §6 
p. 23 that the monoid stack Z acts on ST := ^(C/B,x) and that by Proposition 6.9 the 
action morphism C(c/b,x) '■ & x — > is proper. Therefore the push-forward with respect 
to this morphism is defined and provides A*(^) with the structure of a right module over 
the ring (A*(&),+,0). 

By the commutative diagram on page 23 we see that this module structure translates into 
a right (i?[to], +, 0)-module structure on A*(B) ®R, given by the push-forward with respect 
to c K : (B x W) x M 0)2 -> 5 x W where X is the line bundle x*0(x) on B. 

Proposition 8.8. We have 

\(B) ® R) ® R[t ] -^(A*(B)®R 
{a®f)®g I— > a(/ g>) k=- Cl (x) 

where for an element h = hit G -R[to] ™t/i hi £ R and an element c G A* (B) we write 

h| t0=c :=^V ®hi G A*(B)®R . 

i 

Proof. The proof is entirely analogous to the one of Proposition 8.1. We omit the details. □ 

For an application of our considerations in §11 we need to understand the relationship 
between the 0-class and the ^-class. We will show now that this relationship can conveniently 
be expressed as an identity in the ring A*(B) R. Let (S£ / 3T,y) — * {C&/ ^,X£r) be the 
universal modification over 3T. Let ip G A*(&) be the class of the line bundle y*0J$;/B = 
y*0%-(—y). By abuse of notation let ip denote also the image of that class by the canonical 
isomorphism A*(^) ^ A*(B) R. On the other hand let G A*(B) be the class of the 
line bundle x*uj c /b = x*0(—x) on B. 
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Lemma 8.9. The following identity holds in A*(B) <S> R: 

i) = (f) + t l . 

Proof. Let (Ci/S,xi) — > (C 2 /S, x 2 ) be a simple modification. By Proposition 2.1 this modi- 
fication corresponds to a line bundle with section (L, A) on S. More precisely it follows from 
the proof of this Proposition that the line bundle L is isomorphic to 

x\0 Cl (-x x ) ®x* 2 C2 (x 2 ) . 

Now let S be a 5-scheme and let (C, x') — > (Cs, xs) be a modification over S which via 
the isomorphism in Prop. 3.4 corresponds to an object (L±, Ai) . . . (L r , A r ) of B x W over S. 
Since the pairs (Lj, \) come from decomposing (C, x') — > (Cg, xg) into a sequence of simple 
modifications and a successive application of Prop. 2.1, it follows that 

®L i = (x'yOc>(-x')®x* s Oc 8 (x s ) . 

i 

From this the statement of the Lemma is immediate. □ 
Corollary 8.10. Let d > 1 and e > 0. The following formula holds in A^B ® R: 

= ^"V e+1 + c,(0 e ® (t + ti)-^ 1 )) . 
where c := c K : (B x W) x M 0i2 ^ B x W and K = x*lu c /b- 
Proof. By Lemma 8.9 we have 

^ = ^"V e+1 + e ti(0 + hf- 1 

and by Proposition 8.8 we have 

c*(<f ® (t + = e (i © (t + h)^)]^ . 

Therefore the Corollary follows from Lemma 8.3. □ 

9. The extended operad 

Let S„ and S n+ denote the group of bijections of the set {1, . . . , n} and of the set {0, . . . , n} 
respectively. We consider S n as a subgroup of S n+ in the obvious way. It is well know 
that the group S n+ is generated by the elements of S„ together with the (n + l)-cycle 
T n := (0. . .n) G S n+ . 

Definition 9.1. (Cf. [GK] §1.5) A cyclic operadV (without unity, in the category of Q- vector 
spaces) is a sequence (V(n)) n >i of Q-vector spaces together with the following structures: 

(a) For every n > 1 there is given a left action of the group S n+ on V(n). 

(b) For every m,n > 1 and 1 < j < m there is given a composition morphism 

oj : V{m) ® Tin) -> V(m + n - 1) 
These structures are required to satisfy the following axioms 
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(1) For it G S m , p G S n and 1 < j < m let 7r o^- p G S m+n _i be defined as follows: Set 

(«1, . . . ,Uj_i,Uj+i, . . . ,M m ) := (1, . . . , j - 1, j +ra, . . . ,m + n - 1) , 
K, •••,<) := (j,j + l,...,j + ra-l) . 
Then the inverse of 7r Oj p is defined by 

{«*-!(») for 1 < 7 < tt(j) - 1 

u p-Hi-T(j)+i) for ^ - * - ^ + " - 1 
for 7T (j) + 77 < 7 < 777 + 77 - 1 

With this notation, for any m, n > 1, 1 < j < m, ir G S„ t , p G S n , a G P(m) and 
b G ^(n) the following equality holds 

(tt oj p)(a Oj b) = (tto) o w(j -) (pb) . 

(2) For any m, n > 1 and for any a G T-^m) and 6 G P(n) the following equality holds 

r m+n _i(a o m 6) = (r n 6) o x (r m a) . 

(3) For any k,l,m> 1 and 1 < i < j < k and for any a G V(k), b G V(l), c G V(m): 

(a Oj 6) Oj+^i c = (a o^- c) Oj 6 . 

(4) For any k,l,m > 1, 1 < % < k, 1 < j < I and for any a G V(k), b G V(l), c G P(m): 

(a 0^ 6) o i+J _ 1 c = a 0^ (6 o^- c) . 

Remark 9.2. (1) In [GK] (1.2.1) there is an error in the explicit definition of the per- 
mutation tt oj p. The axioms can be visualised by drawing trees. We refer to [GK] 
§1 for further motivation. 
(2) It is easy to express axioms (l)-(4) in terms of commutative diagrams. By means of 
these diagrams one can define cyclic operads in any monoidal category. 

Example 9.3. Let k be a ring. Let M be an Ik-module and let b : M <g> M — > k be a bilinear 
form. We define a cyclic operad €[M, b] by putting £[M,b](n) := M®( n+1 \ providing this 
space with the natural left S n+ -action 

tt(t;o <S> ■ ■ ■ <S> v n ) := ^-i( ) <S> ■ ■ ■ <S> v w -i {n) , 
and with the composition morphisms 

which map an element (v o <S> ■ ■ • <E> v m ) <E> (wo <%>...<%> w n ) to the element 

b(Vj Cg> W )v ® . . . ® 7Jj_i ® 7i7i (g) . . . (g> 77> n ® 7J J+ i ® . . . ® t> 



m 



Example 9.4. There is an obvious super version of Example 9.3 which will play an important 
role in §11: Let Ik be a ring and let M = M © M 1 be a Z/2-graded Ik-module. For a 
homogeneous element v G M we denote by |i>| G {0, 1} its degree. Let b : M ® M — > k be a 
symmetric bilinear form of degree 0. This means that for homogeneous elements v,w G M 
we have b(v,w) = (—iy v ^b(w,v) and b(v,w) = if |i>| ^ \w\. We define the cyclic operad 
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S s [M,b] as follows. The objects of the operad are S s [M,b}{n) := M^ n+1 l The S n+ -action 
on M® (n+1) is given by 

tt(v <8>...®v n ):= (-l) 1 *-^ (8) ... (8) Vj-i <g> v j+1 <g> ^ <g> w i+2 <g> . . . <g> v n 

where the i>j are homogeneous elements of M and 7r = (j, j + 1) is the transposition of two 
neighbouring elements j and j + 1. Finally, for homogeneous elements i>j, u>j the composition 
(i> o ® • • • ® f m ) Oj (u>o <8> . . . <8> tf n ) is defined as 

(—l) N b(vj,w )v ® • • • <S> fj-i ® Wi ® • • • ® w n <g> ® . . . <g) u m 

where JV = J2r=o E^+i KIM 

Example 9.5. The cyclic operad M in the monoidal category of algebraic varieties is 
defined as follows: M (l) is the empty variety and for n > 2 the variety M (n) is the moduli 
space M , n +i of stable (n + l)-pointed curves of genus zero. This space is endowed with an 
obvious left S n+ -action. For m, n > 2 the composition morphism 

is the clutching morphism, which in terms of SWalued points can be expressed by 

((C) ( x i)) j (C, ( x 'i))^j H |cu C"/ (xj = x' ); x , . . . , x^, . . . , a^, Xj + i, . . . , x m j 

Example 9.6. By applying the homology functor A* to the operad M , we obtain a cyclic 
operad AM Q in the category of Q-vector spaces. 

Example 9.7. Let V and Q be two cyclic operads. Then the product cyclic operad V ® Q 
has objects (V <S> Q)(n) := V{n) <g> <2(n), with S„ + acting on both factors, and composition 

(a <g> a') Oj (b ®b') : = (a Oj b) <g> (a' o^- 6') 

for a G P(m), a' G Q(m), 6 G V(n), b' G Q(n). 

The central object of this paper is the cyclic operad Aio in the monoidal category of Artin 
stacks, which we will define now. We let 

M (l) :=Mo,2 = BG m xW 

M (n) :=M ,n+i x W n+1 for n > 2. 

Thus for n > 2 an SWalued point of M.q{ji) is a tupel 

(C, (ar ,...,a;„),(£o, •••,&»)) 
where (C, (x,)) is an n-pointed stable curve of genus over S 1 and & is an object in W(S) 
for ?i- 

On A^o(l) the action of Si+ is given by the involution a defined on page 22. For n > 2 
there is an obvious left action of the symmetric group S„+ on M. Q {n) which on S'-valued 
points is given by 

r(C, (x , . . .,x n ), (f , • • • ,&)) := (C, (x t(0) , . . . ,x r(n) ), (£ r(0 ) . . .,&-(»»))) for r G S n+ . 
Let us now define the composition morphisms 

Oj : .Mo(ra) x Mo(n) — ► .M (m + n — 1) for to, n > 1 and 1 < j < m. 
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Assume first that m,n > 2. Then we let o^- be the morphism which on S'-valued points is 
given by 

(c, ( Xi ), (&)) o, (c, (x>), (CO) = (c", «), (Co, • • • • • • • ,U) 

where 

(C", «)) := (C, (a*)) o, (C, (x'A) , 

as defined in Example 9.5. 

Next assume that to > 2 and n = 1. In this case we define the morphism oj : .Mo( m ) x 
7W (1) -> M (m) by 

(C, (&)) °j V ■= (C, (x , ...,x m ), (f , • • • , t K (£j, v),tj+i, fm)) 
where K := x*Oc(xj) and is the morphism from Definition 6.8. 

Now let to = 1 and n > 2. Then the morphism o : : A4o(l) x Aio(n) — > A^o(^) is defined 

by 

770! (C, (£;),(&)) := {C,(x ,...,x n ),(c K (£o,<T(v)),€i, ■■-,&)) 

where K := XqOc{xq), Ck is the morphism from Definition 6.8, and a : Mo(l) — > -Mo(l) is 
the involution from page 22. 

Finally let to — n — 1. Then we let o x : M (l) x -M (l) — > -M (l) be the morphism c 
from page 22. 

It is straightforward to check that A4 satisfies the axioms of a cyclic operad (without 
unity) in the monoidal category of Artin stacks. Since Aio(l) is non-empty and for n > 2 
the objects A4 (n) and M (n) (cf. Example 9.5) differ only by a factor W n+l , it makes sense 
to call the operad .Mo an extension of the operad M . 

We would like to define a cyclic operad AMp in the monoidal category of vector spaces by 
applying the the cohomology functor A* to However there is a problem here, since the 
morphisms o^- : M.Q(m) xA4o(n) ^ A4 (m+n— 1) are not proper except in those cases where 
to — 1 or n — 1, and we do not know how functoriality of homology can be extended to the 
morphisms oj also in the cases where both m,n>2. Therefore in the following definition of 
the cyclic operad AM the composition morphisms AA4 (m) <g)AAio(n) — > AAi (m + n — 1) 
for to, n > 2 will be defined in an ad hoc manner. 

For n > 1 let AM (^) := A*(A4 (n)). By Corollary 5.11 we can identify these groups as 
follows: 

AMo(l) =i2[t ] , 

AM (n) =A t M 0) n+i ® i?^ n+1 ) for n > 2. 

In the range n > 2 we define AMo to have the same structure as the product operad 
AMq ® £[/?, 6] (cf. Examples 9.6, 9.3, 9.7) where the bilinear form b : R <g> R — > Q is defined 
as follows: Let pr : R = © i=0 2Tj — > 2T — Q be the projection onto the component of degree 
zero. Then we set 

6(x (8) y) := pr (x)pr (y) for x, y G 
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It remains to define the structure of AA4 in the cases where the first component AMo(l) 
is involved. In these cases we can take the structure induced by the operad M.q. By the 
results of §8 this can be made explicit as follows. 

The action of Si+ on R[to] is given by the involution i from Proposition 7.1. 

The composition morphism o 1 : AMo(l) AMo(l) — > AMo(l) is identified with the 
multiplication : R[t ] R[t ] — > R[t Q ] (cf. Proposition 8.1). 

For m > 2 and 1 < j < m the composition morphism oj : AMo(to)0AMo(1) — > AMo(to) 
is identified with the morphism (A*M ,m+i 0i?® (m+1) ) 0i?[t o ] -> A*M ,m+i ® i?®( m+1 ) which 
maps an element (a <S> (fo <S> ■ ■ ■ <S> f m )) # to the element 

(a / . . . 1 ... / m )^ ^) | t0= ^,) 

(cf. Proposition 8.8). In the last formula, the symbol <j)j denotes the class 

,m+l 

where (^o, m +i/M 0im +i, (xj)) is the universal object over Mo, m +i, u; m+ i is the relative dual- 
izing sheaf of ^, m +i — >■ M 0jm +i, and 5^ is the ring homomorphism 

( A*M , m+1 i? -> A,M , m+1 

<x0/ i-> x 1 . . . 1 / 1 . . . 1 

I j times (m - j) times 

Finally, for n > 2 the composition morphism o x : AA4 (1) AMo(?i) - ¥ AAi (n) is 
identified with the morphism R[t ] (A«,M 0) n+i i?® (n+1) ) -> A,M , n+ i R®( n +V which 
maps an element g (a (/o . . . /„)) to the element 

(a 1 h ... f n )q' ((fo <-(<?)) I * =4>o) • 

Proposition 9.8. Let tpi be the element —t — ti of R[t ] = AMo(l). Let n > 1 and let 
x G AA4 (n). There exists a sequence of elements xo,xi, . . . ,x r G AM. {n), a sequence of 
numbers ai, . . . ,a r G N , and a sequence of numbers j±, . . . , j r G {1, . . . , n) such that 

(i) x r equals x, 

(ii) for 1 < i < r we have Xj = x,_i Oj. tp^ , 

(iii) xo equals ipT for some ao > 0, if n = 1, and xq is an element of A*M , n +i, if n> 2. 
Definition 9.9. Let P and <2 be two cyclic operads. A morphism 

is a sequence F(n) : V(n) — > <2(n) (n > 1) of morphisms such that each F(n) commutes 
with the S n+ -operation and such that for every to, n > 1, 1 < j < to, x G V(m), y G P(n) 
we have 

F(to + n — l)(x Oj y) = F(m)(x) Oj F(n)(y) 
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Example 9.10. There is a natural morphism F from the cyclic operad AM (cf. Example 
9.5) to the cyclic operad AM defined above. F(l) is the zero map and for n > 2 the 
morphism F(n) : AM (n) — > AA4 (n) is defined by 

F(n)(x) := x 1 . . . 1 for x G M ,n+i- 

(n + 1) times 

10. The morphisms st : M 9) „(V,/5) — > -M ffi?l 

Let V be a smooth projective variety and let Numi(V) C Zi(V) be the subgroup of 
1-dimensional cycles which are numerically equivalent to zero. It is well known (cf. [F], 
Example 19.1.4) that the group Ni(V) := Z 1 (l / )/Numi(l / ) is a finitely generated free abelian 
group. Let 

B(V) := {(3 G N^V) | ci(L) n (3 > for all ample line bundles ion F} . 

Then B(V) is a submonoid of Ni(V) with the property that for all (3 G B(V) there are only 
finitely many pairs {(3i,(3 2 ) G x B(V) such that /3i + f3 2 = (3. 

Choose a basis (ei, . . . , e r ) of Ni(V), and let A be the localisation by Yl i= i Qi °f the power 
series ring Q[[gi, . . . , q r }}- Then the mapping 

B(V) 

f3 ^q? :=q b 1 \..q b r r where f3 = 

is a character of the monoid B(V). 

For g,n > and /3 G let M g<n (V,P) be the moduli stack of stable n-pointed maps 

of genus g and class (3 into V. We refer to [M] Ch.V,§5 for a precise definition of M 9tn (V, f3). 
Recall from [M] Ch.V §4.4 that for (g, n) in the stable range (i.e. for n > 2(1 — g)) there 
exists a natural morphism 

st :M 9in (V,P)^M gtn 

called the "stabilisation morphism". For (g, n) = (0, 2) there is no such morphism, since M 0) 2 
is the empty variety. 

Let yWo,2 : = BG m xW as in Definition 6.4, and for (g, n) in the stable range let 

M g , n :=M g , n xW n . 

Thus the stacks M. g , n are we ll defined and non-empty for all (g,n) with n > 1 — g. As a 
manner of speaking, we say that g, n in the half-stable range, if the condition n > 1 — g 
is fulfilled. The following result shows that in the half-stable range there is a morphism 
analogous to the morphism st. 

Proposition 10.1. Let g,n be in the half-stable range. Then there exist natural morphisms 

St : M g , n (V,(3) -> M g , n 

such that in the stable range we have st = pr x o st where pr x : M. g , n ~~ * M g ^ n is the projection 
onto the first factor. 

For the proof we need some preparation. 
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Definition 10.2. Let (g,n) be in the half-stable range. Let (C, (x^)) be a prestable n- 
pointed curve of genus g over an algebraically closed field and let x G {xo, ■ ■ ■ , x n _i} be one 
of the marked points. 

(a) A end of (C, (x^)) is a closed subscheme of C which is isomorphic to a chain of 
projective lines, and meets the rest of C in exactly one point which lies on one of the 
extremal components (called the base component) of the chain. 

(b) An end of of (C, (xj)) is called a loose enc? if it contains none of the marked points. 

(c) An end of of (C, (xj)) is called a pointed end at x, if x is contained in the end, if 
there is no other marked point besides x contained in the end, and if either the end 
consists of only one component, or x lies in the extremal component opposite to the 
base component of the end. 

(d) A morphism (C, (xj)) — > (C, (xQ) of prestable pointed curves is called a contraction 
of loose ends (resp. contraction of a pointed end at x), if for every point y' G C 
the morphism C — > C" is either an isomorphism at 7/, or its fibre over y' is a loose 
end (resp. a pointed end at x) of (C, (xj)). Observe that in the pointed case the 
morphism / : (C, (x^) — > (C, (x^)) is what in §2 we called a modification of C" at 

/(*)■ 

Lemma 10.3. Zei (<7,n) be in the half-stable range and let (C/S,(xi)) be a prestable n- 
pointed curve of genus g over a scheme S . Assume that there is a line bundle L over C such 
that 

(1) the restriction of L to any component of a geometric fibre ofC — > S is of non-negative 
degree, 

(2) the degree of the restriction of L to a geometric fibre of C — > S does not depend on 
the fibre, 

(3) the restriction of the sheaf uoc / s^}2,i x i) ® L to any geometric fibre of C — > S is ample. 

Then there is a prestable pointed curve (C'/S, (xQ) whose geometric fibres are without loose 
ends, and a morphism 

/:(C/S,(x;))-(C"/S,(xD) 

which is fibre-wise a contraction of loose ends. Furthermore there is a line bundle V on C 
which satisfies properties (l)-(3) above. 

If f '■ (C / S, (xi)) — > (C"/S, (x'D) is a second morphism with these properties then there 
exists a unique isomorphism h : {C'/S, (xQ) — > (C"/S, (x")) such that f — ho f. 

Proof. Assume first that S is the spectrum of an algebraically closed field. Observe that 
for every irreducible component Y of C the degree of the restriction of ^c/s(J2i x i) to Y is 
either non-negative, or it is —1. The latter occurs precisely if Y is a loose end. Therefore, 
if (C/S, (x^) has loose ends, then the set of all e > 1 such that the restriction of M e : = 
UJ c/s{J2i x iY ® L to every component of C is of non-negative degree, is bounded from above 
by deg(L). Let e be maximal with this property. Then the restriction of M e to a component 
Y of C is of degree zero if and only if Y is a loose end. 

There is an m > 1 which depends only on the numbers g, n, and deg(L), such that 
H l (C,M™) vanishes, and H°(C,M™) <g> O c -> M e m is surjective. The latter defines a 
morphism 

P(H°(C,M™)) 
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and we let (C^\ (x\ ■ )) be the image of (C,(xi)) by this morphism. Then (C, (xj)) — > 
{C^\ (x^)) is a non-trivial contraction of loose ends. 

Observe that (C (1) , (x^)) is an n-pointed prestable curve of genus g and that the re- 
striction Z/ 1 ) of Op(i) to satisfies properties (1) and (2) of the Lemma. Therefore if 
(C^\ (x^)) has loose ends, we can apply the same procedure to this curve. Iterating this 
process we obtain a sequence 

of non-trivial contractions of loose ends. The length of this sequence is bounded by the 
number of components of C, which in turn is bounded by a number which depends only on 
(g, n, deg(L)). Thus there is a last pointed curve (C, (xQ) in this sequence which is without 
loose ends, and it is clear that the composed morphism (C, (x^)) — > (C, (xQ) is a contraction 
of loose ends. 

Let £ be the pull-back to C of a very ample line bundle on C . Then we have 

C" = Proj {®T =0 H°(C,C k )) 

Furthermore, the line bundle C has the property that its restriction to any component is 
non-negative and that it is trivial if and only if the component belongs to a loose end. For 
any other line bundle £ on C with this property the scheme Proj {®^L H°{C, {£') k )) is 
isomorphic to C . This proves that C is determined up to isomorphism. 

The restriction of the morphism C — > C to non-contracted components is an isomorphism. 
Therefore there is no non-trivial automorphism of C as an object under C. This shows that 
C is determined even up to a unique isomorphism. 

This finishes the proof in the case where S is the spectrum of an algebraically closed field. 
The general case works essentially the same way, one just has to replace the cohomology 
groups by the appropriate direct image sheaves. □ 

Lemma 10.4. Let (g,n) be in the stable range, let (C/S, (xj)) be a prestable n-pointed curve 
of genus g, whose geometric fibres are without loose ends, and let x be one of the Xj. Assume 
that there is a line bundle L over C such that the conditions (l)-(3) of Lemma 10.3 are 
satisfied. Then there is a morphism 

f:(C/S,( Xi ))^(C/S,W) 

of prestable pointed curves, such that the geometric fibres of (C /S, (xQ) are without a pointed 
end at f(x), and such that (C/S,x) — > (C'/S, f(x)) is a modification of C at f(x). Fur- 
thermore there is a line bundle V on C which again satisfies properties (l)-(3) stated in 
10.3. 

If f : (C/S,(xi)) — > (C"/S, {x'D) is a second morphism with these properties then there 
exists a unique isomorphism h : {C'/S, (xQ) (C"/S, {x'D) such that f — ho f. 

Proof. As in the proof of Lemma 10.3 we first assume that S is the spectrum of an alge- 
braically closed field. Arguing similarly as in Lemma 10.3, with the divisor J2i x i replaced 
by J2i x i ~ x i we see that there is a line bundle on C whose restriction to every component 
Y is of non-negative degree, and is of degree zero if and only if Y is a pointed end at x. Now 
the sought for morphism 

{C, (x,)) - {C, (xO) 
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is constructed by an iterative process exactly as in the proof of the previous lemma. 

Uniqueness and the case of a general base scheme follows also as in the proof of Lemma 
10.3. □ 

After these preparations we are now able to prove Proposition 10.1. 

Proof, (of Proposition 10.1) Let (C/S, (xi), / : C — > V) be a stable n-pointed map of genus 
g and of class (3 G B(V) to V over a scheme S. 

Let M be a very ample line bundle on V. It is well known (cf. [M], Ch.V, proof of Prop. 
4.4.1) that the sheaf f*(M)® 3 satisfies properties (l)-(3) stated in Lemma 10.3. 

Applying this Lemma, we obtain an (up to a unique isomorphism) unique morphism 

(C/S, (*,)) - (C'/S, &)) 

such that the fibres of {C'/S, (x'/)) are without loose ends and a line bundle V on C which 
again satisfies properties (l)-(3) in Lemma 10.3. 

If (g, n ) = (0,2) then (C'/S zollstock over S which by Proposition 6.4 gives 

rise to an object r\ G M-o^S), and we set st(C/S, (x/j, f) := 77. 

Assume now that (g,n) is in the stable range. Let 1 < j ' < n. By Lemma 10.4 there is 
an (up to a unique isomorphism) unique modification (C /S,x' 3 ) — > (C"/S, x'-) such that C" 
is not further contractible at x". Let £j G W(S) be the object which by Proposition 3.4 is 
associated to this modification. Thus we have constructed an object 

r,:=(Bt(C/S,(xi),f),(^) G M 9 , n (S) x W n (S) = M 9 , n (S) , 

which we define to be the image of (C/S, (x/), f) by st. □ 

Next we recall the definition of some tautological classes on M 9tn (V,f3) and at the same 
time introduce notation which we will use in the sequel. 

Definition 10.5. (1) Let g,n > and let (X 9tn (V, (3)/M g , n (V, (3), (x/), f) be the univer- 
sal object over M gjTl (V, (3). For < i < n — lwe define the line bundle 

Li;g,n(V,f3) \= ^*^X 9 , n (V,/3)/M 9 , n (\/,/3) ■ 

over M g , n (V,(3). _ _ 

(2) If (g, n) is in the stable range and V is a point then M 9)n (V, (3) = M g>n and we write 
L i;9 , n instead of V, (3). 

(3) For g, n > we let 

A; 9 ,n(v,P) ■= ci(L ii9 , n (y,/3)) g MM g>n (v,P)) 

and for (g,n) in the stable range we let 

&; fl ,n(V,/3) := 8t*Ci(L i;fl)n ) G A(M s , n (K,/5)) 

In cases where no confusion is likely to arise we often simply write ipi and fa instead 

of ipi-,g, n (V, (3) and fa. g ^ n (V,(3). 

Observe that for (g, n) in the stable range and for general (V, (3) due to the fact that 
st : M g>n (V,(3) — ■> M 9jH contracts modifications, the line bundles st* Li. g n and L^ g ^ n (V, f3) are 
not isomorphic. Therefore in general the classes ipi and fa are different and it is not clear 
whether ipi is a pull back by st of any class in M 9j7l . One of the advantages of the morphism 
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st over the morphism st is that, as we will see in a moment, for any (g,n) in the half-stable 
range there are classes ipi G A*J\4 gn whose pull back via st are the classes ipi. 

Definition 10.6. (1) We define the following elements in A*AA 0t2 = R[to\: 

0O;O,2 := — ^0 — t\ , 01;O,2 '■= to 

and 

^0;0,2 := -t , ^i ;0) 2 := t + h . 
(2) Let (g,n) be in the stable range. For < i < n — 1 we define the elements 

fa;g,n ■■= Ci(L i;fl>n ) (8) 1 (8) ... (8) 1 

and 

in A-M^ = A,M 3i „ ® R m , where 

*W ;= \M 9)n } <g> 1 . . 1 <8> *x <8) 1 . . 1 G A*M g)n <g> . 

(i — 1) times (n — i) times 

Again we often write fa and ipi instead of fa- g , n and ipi- g , n if this does not give rise to 
confusion. 

It is clear from the definitions that we have st (fa) = fa for (g, n) in the stable range. The 
classes ipi satisfy an analogous equation: 

Proposition 10.7. Let (g,n) be in the half-stable range. Then we have 

st (fy) = ipi for < i < n — 1 . 

Proof. For (g,n) in the stable range the equality follows from Lemma 8.9. Assume now 
(g,n) = (0,2). Let T = (C/S, (x , x ± ), f : C -> V) be an ^-valued pointy of M 0>2 (V, (3). 
From the definition of st and the proof of Proposition 6.4 it follows that st maps this S- 
valued point to 77 = (AO e BG m xW where L = XqOc(x ) = XqUJ^}^. Thus we have 

T*st t — V*to = c i(L) = —Y*ip . This shows st ijj — V'o- Interchanging the role of x ,Xi 
we get ipi = st tyipo) — st V'i where 1 is the involution defined in Proposition 7.1. □ 

The following proposition will play an important role in §11. 
Proposition 10.8. (a) In A^M.0,2 we have the following equality: 

= + * °i d > 0, d 1 > 0. 

(b) Zet n > 2, let do, • • • , d n , eo, . . . , e n > 0, and assume dj > /or some j G {1, . . . , n}. 
Then the following identity holds in A+JAq^+i 

n n / \ 

nw = iK >_rf, ^r^ + 1 n °* 

i=0 i=0 \ i-.i+j / 

w/zere ^ := ^i ;0 ,n+i and 0; := fa ; o,n+i- 
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Proof. For the proof of (a) notice that we have 

= (-t ) d °(t + = -(-t ) do+1 (to + ti)" 1 " 1 + (-to) d(, ti(to + h)^ 1 

The stated equality now follows by Lemma 8.3. The proof of (b) is analogous to the proof 
of Corollary 8.10. □ 

11. Gravitational correlators 

Let V be a smooth projective variety. For g,n > and j3 G B(V) let M 9tn (V,f3) be the 
moduli stack of stable n-pointed maps of genus g and class f3 into V (cf. beginning of §10). In 
[BF], Behrend and Fantechi have constructed canonical element J g , n (V, f3) G A*M flj7l (V, 
called the "virtual fundamental class". 

Assume now that (g,n) is in the stable range, i.e. that n > 2(1 — g). Then the moduli 
space M g ^ n is not empty and there exist natural morphisms 

ev:M g>n (V,P)^V n 
st:M gtn (V,P)^M g , n 

called the "evaluation morphism" and the "stabilisation morphism" respectively (cf. [M] Ch.V 
§4). The push- forward 

I g , n (V,P) := (ev,st)*J fl>n (V;/3) G A.(V n x M g , n ) 

of the virtual fundamental class is called the "Gromov-Witten correspondence". For coho- 
mology classes a , . . . , a n _i G H*(V, Q) one defines the Gromov-Witten class 

I g ,nA a o, • • • , «n-i) := PD- 1 p 2 *(pt(a ® • • • ® a„-i) n J fl>n (V; /?)) G H*{M g , n ) 

where pi : V n x M 3i „ — > V n and p 2 : x M Si „ — * M 9i „ are the projections, and PD : 
H*(Mg tn ) ^ H*(Mg tn ) is the Poincare duality map. Let 7^ n/3 : #*(M , n ,Q) -> #*(\/ Q)® n 
be dual to the map ceo <8> . . . <S> a n _i h- > Ig^pioco, ■ ■ ■ , ot n -i) an d let be the composition of 
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with the natural map A*(Mo, n ) — ► H*(M 0jn: Q) The following theorem is well-known. 

Theorem 11.1. Let A 6e i/je topological ring defined at the beginning of §10. Let H be 
the A-module H*(V,A), endowed with the natural ~Lj 2- grading. Let b : H ® H — > A 6e i/*e 
A-linear continuation of the Poincare pairing. Then the morphisms L v (l) := anc? 

J v (n) := J^ +1 : M (n) -> £ s [#, 6](n) /or n > 2 

define a morphism L v : iM — > £ s [i7, 6] o/ cyclic operads. 

Recall the definition of Gromov-Witten invariants: For a , . . . , a n G H*(V, Q) one sets 

(a , • • • , «n)o,/3 := / evo« U • • • U ev*a n G Q 

Jjo,n(v,P) 

where ev« : Mo, n +i(V, /3) — > V is the i-th evaluation map. The following Lemma is easy to 
check: 
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Lemma 11.2. In terms of the morphism I v : AMq — > S S [H, b] the Gromov- Witten invariants 
can be expressed as follows: 

Y ("0, • • • , ttn)o,/3 (f = (V V (n)([M ,n+l]) , «0 ® ■ ■ ■ ® «n) 

where the brackets on the right hand side are induced by the pairing i?*(V, Q)<S>H*(V, Q) — > Q. 
Recall (cf. §10) that for all n > 1 — g there is a morphism 

st : M g , n (V, P) -> := M 9 , n x ^ n 

which is analogous to the stabilisation morphism st. By means of this morphism, we would 
like to construct an analogue of the morphism J v . However it is not clear to us how to do 
this, since the morphisms st are not proper. Still it seems reasonable to make the following 
conjecture: 

Conjecture 11.3. There is a natural morphism J v : AM. — > £ S [H, b] of cyclic operads, 
which is analogous to the morphism J v and has the following properties: 

(a) For each n > 1 the image of J v (n) lies in the even part of _£/"®( n+1 ). 

(b) The morphism I y from Theorem 11.1 factorises through I y . More precisely we have 
I v = I v o F where F : AMq — > AAio is the morphism from Example 9.10. 

We expect that also an analogue of Lemma 11.2 holds, where Gromov- Witten invariants 
are replaced by gravitational correlators (also called Gromov- Witten invariants with gravi- 
tational descendents) and I v is replaced by I v . Before formulating a conjecture, let us recall 
the definition of (generalised) gravitational correlators. Let <fii,ipi G A*(M g>n +i(V, (3)) be the 
classes defined in Definition 10.5. To cohomology classes a , . . . , a n e H*(V, Q) and integers 
di, ei > one associates the numbers 

{r dih e o a , . . . , T dnten a n ) g ^ := / Vo°0o° u evo"o U • • • U U ev>„ G Q 

J Jg, n+1 (V,f3) 

called generalised gravitational correlators. If all vanish, the numbers are called gravita- 
tional correlators. It is customary to write Td instead of r^o- Notice that the fa are defined 
only for (g,n) in the stable range since otherwise M s „ is empty. In contrast, ipi is defined 
for any g, n > 0. So while the above definition of generalised gravitational correlators makes 
sense only in the stable range, gravitational correlators proper exist for all g,n. 

Conjecture 11.4. Let fa,ipi G A*M. gn+ i be defined as in Definition 10.6. The morphism 
J v from Conjecture 11.3 has the property that 

Y ( r *,eo«o, • • • , r dnten a n ) 0t(3 / = (J v (n) I JJ ^ J , a ®...®«^ 

0€B(V) \i=0 / 

for all n > 1, a , . . . , a n G H*(V, Q). 

In the remaining of this paragraph we assume Conjectures 11.3 and 11.4 to be true. As a 
first application we will show how the following theorem of Kontsevich and Manin (cf. [KM] 
Thm. 1.2, [M] VI. Thm. 6.2) can be derived from the conjectures. 
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Theorem 11.5. Let n > 1, let d , . . . , d n > 0, e , . . . , e n > 0, (3 e B(V) and let a , . . . , a n e 

H*(V, Q) 5e homogeneous elements. Let (A ) 5e a fraszs of the Q-vector space H*(V,Q) and 
let (A a ) 5e ate Poincare dual basis. Assume that dj > /or some j. TTien we /iave 



r^a, I i = 0, ...,n} o = \Tdt-Si, j^+s^i \ i = 0, . . . , + 
+ Y] (-l) P (r (ij - 1 a j ,r A a ) (T 0;ej A a ,T di;ei ai \ i = 0, . . . , j - 1, j + 1, . . . , n 

a,p 1 +p 2 =P 

where P = YliZo \ a i\\ a j\- 

Theorem 11.5 can be deduced from Conjectures 11.3 and 11.4 as follows. Assume that 
these conjectures are true. For convenience we write 

(77; an, ... , an) := (I v (n)(r]), o ® . . . <S> o n ) . 

Since the gravitational correlators are symmetric (in the sense of super mathematics) in 
its entries, the case j = follows from the case j = 1. Thus we may assume j > 0. By 
Proposition 10.8 we have 

n n / \ 

n#* = ik - ^'^ + ^ n K $s • 

i=0 i=0 V ) 

Without loss of generality we may assume that the A u , A u are homogeneous. Lemma 12.1 
from the Appendix implies 



II ) °j «o, • • • , y 



= £(-1)"" / ft/ 11 ) ; «o, • • • , A„, o J+1 , . . . , a n j A\ a, 

v \ V J I 

where 

j'-i 

iV I/ = P+|a j ||A"| + 5^|a i ||A I/ | 

By means of Conjecture 11.4 the Theorem follows immediately. 

Up to this point we have used Proposition 10.8 only for n > 2, i.e. in the stable range. 
Let us see what it looks like for n = 2. Recall that in this case the formula reads 

= + °i f or ^0 > 0, di > 0. 

Applying Lemma 12.1 from the Appendix and assuming Conjectures 11.3, 11.4 we get 

Proposition 11.6. Let d > 0, d\ > 0, f3 G B(V) and let 0:1,0:2 £ if*(V, Q) 6e homogeneous 
elements. Let (A a ) 6e a feasis of the Q-vector space H*(V,Q) and let (A a ) 6e its Poincare 
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dual basis (i.e. A a U A b = S a ^). Then we have 



Td a , T dl a>i ) = -(r dQ+1 a , r dl _io;i > + 

/ 0,/3 \ / 0,/3 

+ J2 (-l) laollail (r do a ,r A a ) (r A a , r^a^ 

R~i R ^ /0 '^ lN /0 " 32 

The formula in Proposition 11.6 can be proven by other means then via Conjectures 
11.3, 11.4. In fact A. Givental assured me that it is well-known since the very inception of 
the theory (Dijkgraaf-Witten and Dubrovin, 1991-1992). For example it is implied by the 
formula (for t — 0) 

V a ,fi(t, q, x, y) = — j— V^'SeAt, 9> x)S e i^(t, q, y) 
x + y e e , 

on the bottom of the 13-th page of Givental's paper [Gi]. 

The following proposition reduces the amount of information contained in the morphism 
7 V : AM ^S s [H,b]. 

Proposition 11.7. Assume that Conjectures 11.3, 11. 4 are true. Then the morphism I y : 
AM.Q — > £ S [H, b] of cyclic operads is completely determined by all two-point gravitational 
correlators thogether with all elements 



i=0 

where n>2,k i >0,{ i e A+M 0jn+1 , a { G H*(V, Q). 

Proof. Clearly, the knowledge of J v : AA4 — > S S [H, b] amounts to the same as the knowledge 
of the elements 

(77; a Q , . . . , a n ) GA 

for all n > 1, 77 G AM (n), a t G H*(V, Q). 

Assume first that n — 1. By Corollary 8.7 the element 77 is a linear combination of elements 
of the form 

^ © ... © = (. . . 0l 0l . . . ) 0l 

where r > 1, a* > and t/>i —t + ti. Applying Lemma 12.1 of the Appendix, it follows that 
the element 

((. . . 0l 0l . . . ) Ql ^; a , • • • , a„) e A 

can be written as an expression involving only gravitational two-point correlators. This 
proves the proposition in the case n — \. 

Now let n > 2. Any element of AM (n) is a linear combination of elements of the form 

where £ G AM (n) and u>« G -R. With the notation on page 35 we can write 77 = 
f n™=o <?i([ M o,n+i] <S> Wj) • Since w t does not depend on t , we have [M , n+ i] <S> w, t = Wi\ to=4>i 
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in the notation of Proposition 8.8, and therefore we can write 

n 
i=0 

By Corollary 8.7 every Wi is a linear combination of elements of the form if)® 1 • • • ip± r , 
and it is easy to check that for all x , . . . , x n , y G R[to] we have 

f ( II G*Nto=*i) ) Qj(( x i © V)\t =h) = ( £ II ^(^1*0=^) ) °i • 

This shows that with the help of Lemma 12.1 from the Appendix we can again write the 
element (rj; ao, ■ ■ ■ , a n ) as an expression involving only gravitational two-point correlators 
and elements of the form (7; ao, . . . , a n ) where 



n 

k i. 



i=0 i=0 

for some ki > 0. □ 

Remark 11.8. With the notation of Proposition 11.7 it seems reasonable to conjecture that 
for n > 2 we have 

(f n^' a °' ■••'"») = S ^ / 7 o,n+i(V,/3;/c , • • • ,K)(uo <E> ■ ■ ■ <8> a„) 
\ i=o / /3es(v) ^ 

where the maps / s ,„+i(F, k , . . . , k n ) : H*(V n+1 ,Q) -> i?*(M fli „ + i, Q) are the so-called 
cohomological correlators defined in [M], Ch. VI §2.2 (2.4). Granting this, Proposition 
11.7 says that the AMo-algebra structure on H*(V,A) amounts to the same thing as full 
gravitational quantum cohomology of V. 



12. Appendix 

We place ourselves in the situation of Example 9.4. Thus let k be a ring, let M be a 
Z/2-graded Ik-module and let b : M x M — > k be an even bilinear form on M. 

The bilinear form b induces an even bilinear form ( , ) on M® n which is characterised as 
follows: 

n 

(vi . . . v n , ai . . . a n ) = Y\ K v h «i) 

i=i 

for homogeneous Vi,aii G M, where S = Yli>j \ v i\\ a j\- I n other words, (— \) s is the sign 
which arises from the sign rule when one reorders the elements v±, . . . , v n , a\, . . . , a n to 
v 1: a 1: . . .,v n ,ot n . 



Lemma 12.1. In the above situation assume that M is a finitely generated free k-module 
and that there are basis (A„), (A u ) of M consisting of homogeneous elements, such that 
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b(A u ,A u ') = 5 u y. Let m,n > 1, 1 < j < m, and let v G M^ m+l \ w G M®( n+1 ) be even 
elements. Then for any a = «o <8> . . . <8> a m+n -\ G M®( m+n ) the following equation holds: 

(vojW, a) = ^(— 1)^" (v, a o 0. . .<g>o,-_i<g> A„®a j+n ®. . .®a m+n -i){w, A v ®a,j®. . .®a j+n -i) 

V 

where oj is the composition morphism in the operad S s (M,b) defined in Example 9.4 and 
where 

j-l j+n-1 /j+n-1 \ I i-l \ 

N v :=^\a i \\A v \ + KH A 1 + ( \ a p\) (HW) = l A ^l mod (2) . 

i=0 i=j \ p=j J \q=0 J 

Proof. We may assume that v — v <S> ■ ■ ■ <S> v m and w = w <g> . . . <g> w n for homogeneous i>j, 
Wi. By definition we have 

v oj w = ±b(vj,w )v ® . . . ® Vj-i <S> Wi <S> ■ ■ ■ <S> w n <S> Vj +i <8> • • • <8> i> m 

where the sign arises from interchanging Vj+i <S> . . . <S>v m and u>i <S> ■ ■ ■ <S> w n . Therefore 

(vojW,a) = €ib(vjiWo)(v ®. . .®Vj-i<8)Vj + i<g). . .®v m , a Q ®. . .®aj-i®a 3+n ®. . .®a m+n -i) 

(wi ® . . . <g> w n , ctj ® . . . ® a J+n _i) 

where the sign ei G {±1} comes from interchanging w with Vj+i, . . . ,v m , interchanging 
wi, . . . ,w n with ao, ■ ■ ■ , and interchanging u>i, . . . , w n , otj, . . . , a J+n _i with the elements 
ttj +n , . . . , a m+n -\. Observe that we have 

b(vj,w ) = ^2 b ( v i' A u )b(w , A v ) 

and consequently 

(v oj w, a) = 

= y^e(^) (v, a <S> ■ ■ ■ <S> ol 3 -x <g> A v <g> a j+n <S> ■ ■ ■ <S> a m+n -i)(w, A v <g> aj <g> . . . <g> a j+n -i) 

V 

where e{y) = e^iy) and €2 {y) is the sign that comes from moving A v pass the elements 
vj+i, . . . , v m , a , . . . , aij-i, and moving A u pass wi,...,w n . 

To simplify e(u) for given u, we may assume that A u , A u , Vj, Wo all have the same parity, 
since otherwise the corresponding summand is zero anyway. Furthermore, since w is assumed 
to be even, interchanging w\, . . . , w n with something leads to the same sign as interchanging 
Wq with the same thing. 

Therefore the sign e(y) is the same as the one which arises from simply interchanging A v 
with itself and interchanging A u , aj, . . . , aj +n -i with aj +n , . . . , a m+n -i. The last interchange 
has no effect since for given v we may assume that the parity of A" <g) a, <S> ■ ■ ■ <S> is 
that of the even element w, since otherwise the corresponding summand vanishes. So finally 
we have e{v) = (-l) |Al, L 

It remains to show that N u = |Ajy| mod (2). But this follows immediately from 

j+n-1 

\A U \+ ^2 \ a i\ = \ w \ = mod 2. 

i=j 



A CYCLIC OPERAD 



47 



□ 

References 

[BF] K. Behrend and B. Fantechi: The intrinsic normal cone. Invent. Math. 128 (1997), 45-88 
[DM] P. Deligne and D. Mumford: The irreducibility of the space of curves of given genus. Publ. Math. 
IHES 36 (1969), 75-109. 

[F] W. Fulton: Intersection Theory. Ergebnisse der Mathematik und ihrer Grenzgebiete (3), 2 Springer- 
Verlag, Berlin, 1984 

[GK] E. Getzler and M. M. Kapranov: Modular Operads. Compositio Math., 110 (1998), 65-126. 

[Gi] A. Givental: Elliptic Gromov-Witten invariants and the generalized mirror conjecture. Integrable sys- 
tems and algebraic geometry (Kobe/Kyoto, 1997), 107-155, World Sci. Publ., River Edge, NJ, 1998. 

[Kl] I. Kausz: A Gieseker Type Degeneration of Moduli Stacks of Vector Bundles on Curves, Trans. Amer. 
Math. Soc. 357 (2005), no. 12, 4897-4955 

[K2] I. Kausz: A canonical decomposition of generalized theta functions on the moduli stack of Gieseker 
vector bundles. J. Algebraic Geom. 14 (2005), 439-480. 

[Kn] F. Knudsen: Projectivity of the moduli space of stable curves II: The stacks Math. Scand. 52 

(1983), 161-199. 

[KM] M. Kontsevich, Yu. Manin: Relations between the correlators of the topological sigma-model coupled 
to gravity. Comm. Math. Phys. 196 2 (1998) 385-398 

[Kr] A. Kresch: Cycle groups for Artin stacks. Invent. Math. 138 (1999), no. 3, 495-536. 

[L-MB] G. Laumon, L. Moret-Bailly: Champs algebriques. Ergebnisse der Mathematik und ihrer Grenzge- 
biete, Volume 39. Springer Verlag (2000). 

[LM] A. Losev, Yu. Manin: New moduli spaces of pointed curves and pencils of flat connections. Michigan 
Math. J. 48 (2000), 443-472. 

[M] Yu. Manin: Frobenius Manifolds, Quantum Cohomology, and Moduli Spaces. AMS Colloquium Publi- 
cations (1999). 

[MZ] Yu. Manin, P. Zograf: Invertible cohomological field theories and Weil-Petersson volumes. Ann. Inst. 

Fourier, 50 no. 2 (2000), 519-535. 
[T] B. Totaro: The Chow ring of a classifying space. Algebraic K-theory, ed. W. Raskind and C. Weibel. 

Proc. Symp. Pure Math. 67 (1999), 249-281. 
E-mail address: ivan. kausz@mathematik.uni-regensburg.de 



